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Outline

Initial (but not mandatory) Plan:  

1. General Introduction

2. Granular Suspensions: The Newtonian behaviour

i) Suspension as an effective fluid — Suspension Viscosity

ii) Characterising the Viscosity: Volume— vs Pressure—imposed Rheology

iii) Link to microstructure? 

3. Non—Newtonian Behaviours: e.g. Shear—thickening in non-Brownian suspensions

i) Experimental observations

ii) The frictional transition model 

ii) Hydrodynamics of shear—thickening suspensions



What is a Suspension? 

Definition:

Generally speaking, it’s a mixture of solid particles and a fluid (e.g. water, oil …)



e.g. Phytoplankton blooms in Gulf of FinlandSuspensions in Nature: 

100 km

20 µm



Suspensions in Nature: e.g. Geophysical Flows

Debris flows, pyroclastic flows, snow avalanches, among others…



Suspensions in Nature: e.g. Geophysical Flows

Debris flows, pyroclastic flows, snow avalanches, lahars, among others…



Between 2004 and 2016, almost 5000 

debris flows were registered globally 

killing more than 50.000 people


(Froude & Petley Nat. Hazards Earth Syst. Sci. 2018)

Suspensions in Nature: e.g. Geophysical Flows

Debris flows, pyroclastic flows, snow avalanches, lahars, among others…



e.g. biological flowsSuspensions in Nature: 

credits: Sci-Insp Youtube Channel

Cytoplasmic streams

Red blood cells 



Civil engineering

Food processing 

Paints, bulk chemicals…

Mucem

(Marseille)

Only in the USA, 1012  kg of granular 
materials are used per year.

2nd most—used product!


(Shinbrot & Muzzio PRL 1998)

Suspensions in Industry 



Not Trivial to Understand Scientifically…
Multidisciplinary Interest:

statistical physics, fluid / solid mechanics, soil mechanics

Not trivial to apply “classical” techniques: 

In many situations thermal agitation does not play a role

             Extremely dissipative system

Classical statistical mechanics 

Real situations involves HUGE amount of particles Tracking individual grains

Suspensions as 

an effective Complex Fluid 

Suspension Rheology??? 



Brownian/colloidal suspensions
Granular suspensions

Thermal agitation

Repulsive forces (Electrostatics, polymer brushes…)

Adhesion forces (Van der Waals,…)

Hydrodynamics 

Solid contacts 

Friction

Different Physics Depending on Particle Size

100 µm Grain size

d

1 µm



Rheology of Granular Suspensions
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É. Guazzelli and O. Pouliquen

Pressure transducers

(a)

(d) (e)

(b) (c)

FIGURE 6. Rheometry used for measuring normal-stress differences of suspensions.
(a) Cone-and-plate rotational rheometer. Measuring the normal force acting on the upper
plate yields a direct measure of the first normal-stress difference, N1. (b) Parallel-plate
rotational rheometer. Measuring the normal force acting on the upper plate gives the
difference between the first and second normal-stress differences, N1 �N2. (c) Parallel-plate
rheometer with differential pressure transducers fitted flush against the lower plate
surface. Measuring the radial profile of the normal stress along the velocity gradient
direction yields N2 + N1/2 and N1 + N2 and thus the determination of both N1 and N2.
(d) Weissenberg, or rotating rod, flow. Measurement of the free-surface deflection induced
by the anisotropic stresses (rod dipping in the case of suspensions) provides the linear
combination N2 + N1/2. (e) Tilted-trough flow. Measurement of the free-surface deflection
induced by the second normal-stress difference (a bulge in the middle) yields a direct
determination of N2.

of up the rod, and measurement of the free-surface profile provides a combination
of the normal-stress differences. The second tilted-trough method provides the
second normal-stress difference in isolation. These methods have some significant
advantages over using a standard rheometer as confinement effects can be reduced
and sensitivity improved (Boyer, Pouliquen & Guazzelli 2011b; Couturier et al.
2011; Dai et al. 2013). Using these non-conventional rheological tools (rotating
rod and tilted trough) in conjunction (Boyer et al. 2011b; Couturier et al. 2011)
or combining them with conventional rheometry (Zarraga et al. 2000; Dai et al.
2013) yields a complete measurement of the two differences, N1 and N2, which
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surface. Measuring the radial profile of the normal stress along the velocity gradient
direction yields N2 + N1/2 and N1 + N2 and thus the determination of both N1 and N2.
(d) Weissenberg, or rotating rod, flow. Measurement of the free-surface deflection induced
by the anisotropic stresses (rod dipping in the case of suspensions) provides the linear
combination N2 + N1/2. (e) Tilted-trough flow. Measurement of the free-surface deflection
induced by the second normal-stress difference (a bulge in the middle) yields a direct
determination of N2.

of up the rod, and measurement of the free-surface profile provides a combination
of the normal-stress differences. The second tilted-trough method provides the
second normal-stress difference in isolation. These methods have some significant
advantages over using a standard rheometer as confinement effects can be reduced
and sensitivity improved (Boyer, Pouliquen & Guazzelli 2011b; Couturier et al.
2011; Dai et al. 2013). Using these non-conventional rheological tools (rotating
rod and tilted trough) in conjunction (Boyer et al. 2011b; Couturier et al. 2011)
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“Classical” Rheology (volume—imposed) 

Volume  Fraction,

Shear Rate, Imposed
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Non-Brownian, rigid 

& frictional particles
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(Batchelor & Green JFM 1970)

Pair interactions

— Semi-dilute regime — 
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(A. Einstein PhD Thesis 1906)

Stresslet dissipation
— Dilute regime —
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Suspension Effective Viscosity
Chronology &
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Multibody interactions: 

no exact analytical solution!         
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}
What about dense regime? 

Guazzelli & Pouliquen JFM (2018)
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Viscosity is set by 

the distance to Jamming!
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Rate—independent viscosity!
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Suspension Effective Viscosity: Empirical ObservationsRHEOLOGY OF DENSE GRANULAR SUSPENSIONS ACROSS …

FIG. 1. Relative suspension (a) shear viscosity, ηs, and (b) normal viscosity, ηn, vs volume fraction, φ,
for suspensions of hard frictional spheres. Experiments of Boyer et al. [8] using pressure-imposed rheometry
with polystyrene (PS) spheres of diameter d = 580 µm suspended in polyethylene glycol-ran-propylene glycol
monobutylether as well as poly(methyl methacrylate) (PMMA) spheres of diameter d = 1100 µm suspended
in a Triton X-100/water/zinc chloride mixture, of Bonnoit et al. [9] using an inclined plane rheometer tilted
at two different angles with polystyrene spheres of diameter d = 40 µm suspended in silicone oil, of Dagois-
Bohy et al. [10] using pressure-imposed rheometry with polystyrene (PS) spheres of diameter d = 580 µm
suspended in polyethylene glycol-ran-propylene glycol monobutylether, of Dbouk et al. [11] using a parallel-
plate rotational rheometer with polystyrene spheres of diameter d = 140 µm suspended in a mixture of water,
Ucon oil, and zinc bromide, of Ovarlez et al. [12] using a MRI technique and a wide-gap Couette geometry
with polystyrene spheres of diameter d = 290 µm suspended in silicone oil, and of Zarraga et al. [13] using a
parallel-plate rotational rheometer with glass spheres of diameter d = 44 µm suspended in three different fluids.
Numerical simulations of Gallier et al. [14] with frictional spheres. Viscosity laws of Einstein [5,6] (1 + 5φ/2)
(dotted line), of Batchelor and Green [15] (1 + 5φ/2 + 5φ2) (dashed-dotted line), and simple correlation of
Maron-Pierce (1 − φ/φc )−2 [16] (solid line). Adapted from Ref. [1].

particles under the action of shearing flows and the triggering of immersed granular avalanches. To
address these situations, a two-phase approach is necessary, considering the liquid and solid phases
separately [19–22]. The pressure of the particle phase is a key element in this approach.

Although the suspension mixture is incompressible, the particle phase is not. Therefore, it is
important to introduce the concept of pressure of the particle phase or particle pressure, P, which
is linked to the tendency of the particle phase to spread or to contract. The notion of a dispersive
particle pressure under shear was early introduced by Bagnold [23] and can be considered an analog
to osmotic pressure [24]. It can be seen as the nonequilibrium version of the osmotic pressure and
drives the aforementioned shear-induced migration in pipe flows. Measuring particle pressure (or
more generally particle normal stresses) can be challenging due to the difficulty in distinguishing
between particle and fluid pressures; see, for further details, Ref. [1]. This is because the particle
pressure is counterbalanced by an equal and opposite change in fluid pressure. As for the viscosity
and normal stress differences of the entire suspension, particle normal stresses scale viscously and
are linear in the shear rate modulus. To describe the particle normal stress, e.g., perpendicular to the
shearing flow direction, a relative normal viscosity, ηn, can be introduced as P = η f ηn(φ)|γ̇ |. It is
again a sole function of φ and presents the same divergence with φ as ηs when approaching jamming
(φ → φc), as shown in Fig. 1(b) where rheological measurements and numerical simulations are
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Even the simplest case introduces strange behaviours… 

e.g. loss of reversibility

Taylor’s experiment with pure viscous fluid Taylor’s experiment in a granular suspension

Souzy, Phom & Metzger PRF (2016)

Pine et al. Nature (2013)

G.I. Taylor (1967)



RHEOLOGY OF DENSE GRANULAR SUSPENSIONS ACROSS …

FIG. 1. Relative suspension (a) shear viscosity, ηs, and (b) normal viscosity, ηn, vs volume fraction, φ,
for suspensions of hard frictional spheres. Experiments of Boyer et al. [8] using pressure-imposed rheometry
with polystyrene (PS) spheres of diameter d = 580 µm suspended in polyethylene glycol-ran-propylene glycol
monobutylether as well as poly(methyl methacrylate) (PMMA) spheres of diameter d = 1100 µm suspended
in a Triton X-100/water/zinc chloride mixture, of Bonnoit et al. [9] using an inclined plane rheometer tilted
at two different angles with polystyrene spheres of diameter d = 40 µm suspended in silicone oil, of Dagois-
Bohy et al. [10] using pressure-imposed rheometry with polystyrene (PS) spheres of diameter d = 580 µm
suspended in polyethylene glycol-ran-propylene glycol monobutylether, of Dbouk et al. [11] using a parallel-
plate rotational rheometer with polystyrene spheres of diameter d = 140 µm suspended in a mixture of water,
Ucon oil, and zinc bromide, of Ovarlez et al. [12] using a MRI technique and a wide-gap Couette geometry
with polystyrene spheres of diameter d = 290 µm suspended in silicone oil, and of Zarraga et al. [13] using a
parallel-plate rotational rheometer with glass spheres of diameter d = 44 µm suspended in three different fluids.
Numerical simulations of Gallier et al. [14] with frictional spheres. Viscosity laws of Einstein [5,6] (1 + 5φ/2)
(dotted line), of Batchelor and Green [15] (1 + 5φ/2 + 5φ2) (dashed-dotted line), and simple correlation of
Maron-Pierce (1 − φ/φc )−2 [16] (solid line). Adapted from Ref. [1].

particles under the action of shearing flows and the triggering of immersed granular avalanches. To
address these situations, a two-phase approach is necessary, considering the liquid and solid phases
separately [19–22]. The pressure of the particle phase is a key element in this approach.

Although the suspension mixture is incompressible, the particle phase is not. Therefore, it is
important to introduce the concept of pressure of the particle phase or particle pressure, P, which
is linked to the tendency of the particle phase to spread or to contract. The notion of a dispersive
particle pressure under shear was early introduced by Bagnold [23] and can be considered an analog
to osmotic pressure [24]. It can be seen as the nonequilibrium version of the osmotic pressure and
drives the aforementioned shear-induced migration in pipe flows. Measuring particle pressure (or
more generally particle normal stresses) can be challenging due to the difficulty in distinguishing
between particle and fluid pressures; see, for further details, Ref. [1]. This is because the particle
pressure is counterbalanced by an equal and opposite change in fluid pressure. As for the viscosity
and normal stress differences of the entire suspension, particle normal stresses scale viscously and
are linear in the shear rate modulus. To describe the particle normal stress, e.g., perpendicular to the
shearing flow direction, a relative normal viscosity, ηn, can be introduced as P = η f ηn(φ)|γ̇ |. It is
again a sole function of φ and presents the same divergence with φ as ηs when approaching jamming
(φ → φc), as shown in Fig. 1(b) where rheological measurements and numerical simulations are
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Even the simplest case introduces strange behaviours… 

e.g. Particle Pressure



Dominant Interactions 

Dilute Regime

dominated by 

long-range hydrodynamic 


interactions

Dense Regime

contact dynamics 

take over!

Gallier, Lemaire, Peters & Lobry JFM (2013)

DNS Simulations
É. Guazzelli and O. Pouliquen
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FIGURE 21. Relative contributions of the frictional contact (red squares) and the
hydrodynamic (blue circles) stresses to (a) the viscosity, and the (b) first and (c) second
normal-stress differences as a function of the volume fraction, �. Data are from
the numerical simulation of Gallier et al. (2014) including particle roughness (the
dimensionless roughness, normalised by the particle radius d/2, is 5 ⇥ 10�3) as well as
frictional contacts between the particles (the friction coefficient between the particles is
µp = 0.5).

regime for which multi-body interactions are dominant and frictional contact forces
start to prevail over hydrodynamic forces, analytic calculations are not possible and
one must rely on numerical simulations, as previously noted in § 2. An important
issue is then to assess the relative importance of the hydrodynamic and contact
contributions to the stresses. This cannot be accessed in experiments, as it is
impossible to discriminate between true contacts or tiny open gaps between particles,
and thus inferring contact forces is difficult, but can be accessed in simulations as
discussed in the following section.

5.2. Role of contact

The development of numerical methods taking into account both hydrodynamic and
frictional contact interactions between particles that can possess some roughness
represents an important advance in the study of dense suspensions, as previously
discussed in § 2. In these simulations, from the direct computation of the forces
between particles, it is possible to estimate the relative importance of the stresses
carried by the contacts and those due to hydrodynamics forces, and thus to determine
what contribution controls the observed rheological behaviours.

Figure 21(a) reports the results of Gallier et al. (2014) showing the relative
contribution of the contacts (red squares) and the hydrodynamics interactions (blue
circles) to the shear viscosity, ⌘s, of a suspension. A first observation is that
the contribution of the contacts remains negligible when the volume fraction is
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An Alternative Approach

In many practical situations the volume is not imposed!
Pressure is imposed

 (e.g. by gravity!)

Johnson et al. JGR (2012) Johnson & Gray JFM (2012) Rocha et al. JFM (2019)

GdR MiDi (2004)

da Cruz et al (2005) 


Jop, Forterre & Pouliquen (2006)



Pressure—imposed Rheology
Particle Pressure,


Shear Rate, 
Imposed
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Shear Stress ,

Volume Fraction,

Measured
<latexit sha1_base64="R/a9efPPPvARDHIuFWrXU0nhEWE=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgadnVxXgMevEYwTwgWcLsZJIMmZldZnqFsOQXvHhQxKs/5M2/cTYPUGNBQ1HVTXdXlAhuwPO+nMLa+sbmVnG7tLO7t39QPjxqmjjVlDVoLGLdjohhgivWAA6CtRPNiIwEa0Xj29xvPTJteKweYJKwUJKh4gNOCeRSF0jaK1c815sBe24QXPqXVewvlSWpoAXqvfJntx/TVDIFVBBjOr6XQJgRDZwKNi11U8MSQsdkyDqWKiKZCbPZrVN8ZpU+HsTalgI8U39OZEQaM5GR7ZQERuavl4v/eZ0UBtdhxlWSAlN0vmiQCgwxzh/Hfa4ZBTGxhFDN7a2YjogmFGw8JRvCysurpHnh+lducB9UajeLOIroBJ2ic+SjKqqhO1RHDUTRCD2hF/TqSOfZeXPe560FZzFzjH7B+fgGRVuOaA==</latexit>⌧

<latexit sha1_base64="kqRw6uRzIQLDmNZnHaR5OQsT2ig=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0Y/6ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AExKo3A</latexit>

Pp

<latexit sha1_base64="TbBGOj3Fy+HRWiPyLUkPq8NIKrc=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgKiRtqXVXdOOygn1AG8pkOmmGTiZhZiKU0F9w40IRt/6QO//G6QvUeuDC4Zx7ufceP+FMacf5snIbm1vbO/ndwt7+weFR8fikreJUEtoiMY9l18eKciZoSzPNaTeRFEc+px1/fDvzO49UKhaLBz1JqBfhkWABI1jPpH4SskGx5NjOHMixK5Xrcr2G3JWyIiVYojkofvaHMUkjKjThWKme6yTay7DUjHA6LfRTRRNMxnhEe4YKHFHlZfNbp+jCKEMUxNKU0Giu/pzIcKTUJPJNZ4R1qP56M/E/r5fqoO5lTCSppoIsFgUpRzpGs8fRkElKNJ8Ygolk5lZEQiwx0Saegglh7eV10i7bbs2u3ldLjZtlHHk4g3O4BBeuoAF30IQWEAjhCV7g1YqsZ+vNel+05qzlzCn8gvXxDUS2jmg=</latexit>

�

<latexit sha1_base64="/m1C9usZcQsi/pr03w3eddzB+tY="></latexit>

J =
⌘f �̇

Pp

<latexit sha1_base64="cW7eA4X0UUUrfeESQiEKL85TZJY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKa+ut6MVjFfsBbSib7aZdutmE3Y1QQv+BFw+KePUfefPfuG0DavXBwOO9GWbm+TFnSjvOp5VbW9/Y3MpvF3Z29/YPiodHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k+u533mgUrFI3OtpTL0QjwQLGMHaSHf92aBYcuzLWrlcrSPHdhb4Jm5GSpChOSh+9IcRSUIqNOFYqZ7rxNpLsdSMcDor9BNFY0wmeER7hgocUuWli0tn6MwoQxRE0pTQaKH+nEhxqNQ09E1niPVYrXpz8T+vl+ig7qVMxImmgiwXBQlHOkLzt9GQSUo0nxqCiWTmVkTGWGKiTTgFE4K7+vJf0i7b7oVdua2UGldZHHk4gVM4Bxdq0IAbaEILCATwCM/wYk2sJ+vVelu25qxs5hh+wXr/AtJrjZE=</latexit>

} Viscous stress  / Imposed Pressure

Viscous Number

Dimensionless Shear Rate 

1 dimensionless Number

<latexit sha1_base64="ZQ++vsG9+8utBc6nnh2Sp8t1Vkk=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIp6kYouhFXFewDmhAmk0k7dCYJMxOhhGzd+CtuXCji1j9w5984TbPQ1gMXDufcO3fu8RNGpbKsb2NpeWV1bb2yUd3c2t7ZNff2uzJOBSYdHLNY9H0kCaMR6SiqGOkngiDuM9Lzx9dTv/dAhKRxdK8mCXE5GkY0pBgpLXkmdBRK4SXMnOKtTJAgzxye1m9P8hy2vcQza1bDKgAXiV2SGijR9swvJ4hxykmkMENSDmwrUW6GhKKYkbzqpJIkCI/RkAw0jRAn0s2K7Tk81koAw1joihQs1N8TGeJSTrivOzlSIznvTcX/vEGqwgs3o1GSKhLh2aIwZVDFcBoLDKggWLGJJggLqv8K8QgJhJUOr6pDsOdPXiTd04Z91mjeNWutqzKOCjgER6AObHAOWuAGtEEHYPAInsEreDOejBfj3fiYtS4Z5cwB+APj8wfW9ZnN</latexit>

⌧ = µ(J)Pp
<latexit sha1_base64="CnmakEk66Aa576ZEm6cvKURhn1A=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyWRom6EohtxVcE+oAllMpm2QyeTMDMRSsjKjb/ixoUibv0Gd/6NkzQLbT1w4XDOvXPnHi9iVCrL+jZKS8srq2vl9crG5tb2jrm715FhLDBp45CFouchSRjlpK2oYqQXCYICj5GuN7nO/O4DEZKG/F5NI+IGaMTpkGKktDQwD51oTOElTJz8rUQQP00yrXZ7kqYDs2rVrRxwkdgFqYICrYH55fghjgPCFWZIyr5tRcpNkFAUM5JWnFiSCOEJGpG+phwFRLpJvjqFx1rx4TAUuriCufp7IkGBlNPA050BUmM572Xif14/VsMLN6E8ihXheLZoGDOoQphlAn0qCFZsqgnCguq/QjxGAmGlk6voEOz5kxdJ57Run9Ubd41q86qIowwOwBGoARucgya4AS3QBhg8gmfwCt6MJ+PFeDc+Zq0lo5jZB39gfP4A5CyYxg==</latexit>

� = �(J)

Frictional Rheology: 
Macroscopic (bulk)

 Friction Coefficient

ηf



<latexit sha1_base64="DNHYa/KgI27w1jbLpaThO5W101A="></latexit>

µ =
⌧

Pp

Boyer, Guazzelli, Pouliquen PRL (2011)

Not very accurate in the dilute regime

Since there is no divergence, it allows to 

get much closer to jamming! 

Allows particle pressure Pp to be measured 

directly.

Pressure—imposed Rheology

Jamming

Jammingm = 2000 g
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Rin Rout

Porous 

top plate

Dagois-Bohy et al. JFM (2015)



From Pressure— to Volume—Imposed Rheology

<latexit sha1_base64="tIdMbj9F7gym5c9ldDWU0GrT/Sk="></latexit>

⌘s(�) ⇠ (�c � �)�2

<latexit sha1_base64="DNHYa/KgI27w1jbLpaThO5W101A="></latexit>

µ =
⌧

Pp

Boyer, Guazzelli, Pouliquen PRL (2011)



So Far…

Volume—imposed vs Pressure—Imposed

<latexit sha1_base64="ZQ++vsG9+8utBc6nnh2Sp8t1Vkk=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIp6kYouhFXFewDmhAmk0k7dCYJMxOhhGzd+CtuXCji1j9w5984TbPQ1gMXDufcO3fu8RNGpbKsb2NpeWV1bb2yUd3c2t7ZNff2uzJOBSYdHLNY9H0kCaMR6SiqGOkngiDuM9Lzx9dTv/dAhKRxdK8mCXE5GkY0pBgpLXkmdBRK4SXMnOKtTJAgzxye1m9P8hy2vcQza1bDKgAXiV2SGijR9swvJ4hxykmkMENSDmwrUW6GhKKYkbzqpJIkCI/RkAw0jRAn0s2K7Tk81koAw1joihQs1N8TGeJSTrivOzlSIznvTcX/vEGqwgs3o1GSKhLh2aIwZVDFcBoLDKggWLGJJggLqv8K8QgJhJUOr6pDsOdPXiTd04Z91mjeNWutqzKOCjgER6AObHAOWuAGtEEHYPAInsEreDOejBfj3fiYtS4Z5cwB+APj8wfW9ZnN</latexit>

⌧ = µ(J)Pp
<latexit sha1_base64="CnmakEk66Aa576ZEm6cvKURhn1A=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyWRom6EohtxVcE+oAllMpm2QyeTMDMRSsjKjb/ixoUibv0Gd/6NkzQLbT1w4XDOvXPnHi9iVCrL+jZKS8srq2vl9crG5tb2jrm715FhLDBp45CFouchSRjlpK2oYqQXCYICj5GuN7nO/O4DEZKG/F5NI+IGaMTpkGKktDQwD51oTOElTJz8rUQQP00yrXZ7kqYDs2rVrRxwkdgFqYICrYH55fghjgPCFWZIyr5tRcpNkFAUM5JWnFiSCOEJGpG+phwFRLpJvjqFx1rx4TAUuriCufp7IkGBlNPA050BUmM572Xif14/VsMLN6E8ihXheLZoGDOoQphlAn0qCFZsqgnCguq/QjxGAmGlk6voEOz5kxdJ57Run9Ubd41q86qIowwOwBGoARucgya4AS3QBhg8gmfwCt6MJ+PFeDc+Zq0lo5jZB39gfP4A5CyYxg==</latexit>

� = �(J)

<latexit sha1_base64="PHsTu2hKjk6o4aSsxzMXB+pB/w0=">AAACH3icbVDLSgMxFM34tr6qLt0Ei6CbMiOibgTRjUsFq0KnlDvpnTaYzAzJHaEM8ydu/BU3LhQRd/6N6diFrwOBwzn3JDcnypS05Psf3sTk1PTM7Nx8bWFxaXmlvrp2ZdPcCGyJVKXmJgKLSibYIkkKbzKDoCOF19Ht6ci/vkNjZZpc0jDDjoZ+ImMpgJzUre+HBDk/4iESdGNehNWVhcFeWVSa3Q6zgdwpSx72UirCPmgNZbfe8Jt+Bf6XBGPSYGOcd+vvLi5yjQkJBda2Az+jTgGGpFBY1sLcYgbiFvrYdjQBjbZTVMuUfMspPR6nxp2EeKV+TxSgrR3qyE1qoIH97Y3E/7x2TvFhp5BJlhMm4uuhOFecUj4qi/ekQUFq6AgII92uXAzAgCBXac2VEPz+8l9ytdsM9pt7F3uN45NxHXNsg22ybRawA3bMztg5azHB7tkje2Yv3oP35L16b1+jE944s85+wPv4BMmmo3w=</latexit>

⌧ = ⌘f⌘s(�)�̇
<latexit sha1_base64="ts0YqecwxumXuB+rmGqDadkEb5o="></latexit>

Pp = ⌘f⌘n(�)�̇

Equivalent Flow Rules!

In the dense regime:


i) Long-range hydrodynamics become weak 

ii) Dynamics is dominated by solid contacts

<latexit sha1_base64="f5NrmU0LCNgBXKtmZNV78UH5SLc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbN0dxN2N0IJ/QtePCji1T/kzX/jJs1BWx8MPN6bYWZekHCmjet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3uV+74kqzWL5aGYJ9QWeSBYygk0uDZOIjeoNt+kWQKvEK0kDSrRH9a/hOCapoNIQjrUeeG5i/Awrwwin89ow1TTBZIondGCpxIJqPytunaMzq4xRGCtb0qBC/T2RYaH1TAS2U2AT6WUvF//zBqkJb/yMySQ1VJLFojDlyMQofxyNmaLE8JklmChmb0UkwgoTY+Op2RC85ZdXSfei6V01vYfLRuu2jKMKJ3AK5+DBNbTgHtrQAQIRPMMrvDnCeXHenY9Fa8UpZ47hD5zPHxWAjkU=</latexit>

�

<latexit sha1_base64="DNHYa/KgI27w1jbLpaThO5W101A="></latexit>

µ =
⌧

Pp

<latexit sha1_base64="tIdMbj9F7gym5c9ldDWU0GrT/Sk="></latexit>

⌘s(�) ⇠ (�c � �)�2

What sets the jamming point?

<latexit sha1_base64="XMvXf5ddRb14+LML9AmiiQjcHYo=">AAAB/XicjVDLSsNAFL2pr1pf8bFzM1gUVyWVoi6LblxWsA9oQphMJ+3QmSTMTIQaWn/FjQtF3Pof7vwbJ20XKgoeuJfDOfdyLydIOFPacT6swsLi0vJKcbW0tr6xuWVv77RUnEpCmyTmsewEWFHOItrUTHPaSSTFIuC0HQwvc799S6VicXSjRwn1BO5HLGQEayP59p4rUp9MJhP3KG/JgPkE+Xa5WnGmQH+TMszR8O13txeTVNBIE46V6ladRHsZlpoRTsclN1U0wWSI+7RraIQFVV42/X6MDo3SQ2EsTUUaTdWvGxkWSo1EYCYF1gP108vF37xuqsNzL2NRkmoakdmhMOVIxyiPAvWYpETzkSGYSGZ+RWSAJSbaBFb6Xwitk0r1tFK7rpXrF/M4irAPB3AMVTiDOlxBA5pA4A4e4AmerXvr0XqxXmejBWu+swvfYL19As05lXQ=</latexit>

µc & �c



What sets the jamming point?

The jamming point depends on the interparticle friction coefficient!!

<latexit sha1_base64="7SX7yyysp5i3btaHoSUExV4l8ew=">AAACCHicbVDLSsNAFJ3UV62vqEsXDraCCylJEXVZFER3FewD2hAm00k7dGYSZiZCCV268VfcuFDErZ/gzr9x0mah1QMXDufcy733BDGjSjvOl1VYWFxaXimultbWNza37O2dlooSiUkTRyySnQApwqggTU01I51YEsQDRtrB6DLz2/dEKhqJOz2OicfRQNCQYqSN5Nv7N0ITGSOpKWYEXkmKM+MYVno88eOKb5edqjMF/EvcnJRBjoZvf/b6EU44ERozpFTXdWLtpfmCSamXKBIjPEID0jVUIE6Ul04fmcBDo/RhGElTQsOp+nMiRVypMQ9MJ0d6qOa9TPzP6yY6PPdSKuJEE4Fni8KEQR3BLBXYp5JgzcaGICypuRXiIZIIm3BUyYTgzr/8l7RqVfe0enJbK9cv8jiKYA8cgCPggjNQB9egAZoAgwfwBF7Aq/VoPVtv1vustWDlM7vgF6yPb+NrmT0=</latexit>

Interparticle Friction, µp

<latexit sha1_base64="Sj1r7jsVQjJovc9h6aHPmQA7WwM=">AAACHnicbVDLSsNAFJ3UV62vqEs3g61QQUpSfG2E0oKIqwr2AU0Ik+mkHTp5MDNRSumXuPFX3LhQRHClf+MkzUKrB4Y595x7udzjRowKaRhfWm5hcWl5Jb9aWFvf2NzSt3faIow5Ji0cspB3XSQIowFpSSoZ6UacIN9lpOOOGonfuSNc0DC4leOI2D4aBNSjGEklOfpJg1OpKgbrMRvBS05xYhzBkuXHDoYXUP3la4vTwVAizsN7aByWHL1oVIwU8C8xM1IEGZqO/mH1Qxz7JJCYISF6phFJe4K42s3ItGDFgkQIj9CA9BQNkE+EPUnPm8IDpfShF3L1AglT9efEBPlCjH1XdfpIDsW8l4j/eb1Yeuf2hAZRLEmAZ4u8mEEZwiQr2KecYMnGiiCc5gTxEHGEpUq0oEIw50/+S9rVinlaOb6pFmv1LI482AP7oAxMcAZq4Ao0QQtg8ACewAt41R61Z+1Ne5+15rRsZhf8gvb5DYaRoNo=</latexit> C
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<latexit sha1_base64="HwhOOvbkVgKribbpPdnVt2muXwM=">AAACIHicbZDLSgMxFIYzXmu9VV26CbZC3ZSZItaNUBREuqpgL9CWkknTNjSXIckoZeijuPFV3LhQRHf6NGbaWWjrgcDH/5/Dyfn9gFFtXPfLWVpeWV1bT22kN7e2d3Yze/t1LUOFSQ1LJlXTR5owKkjNUMNIM1AEcZ+Rhj+6iv3GPVGaSnFnxgHpcDQQtE8xMlbqZkoVxDkVA1iXLOQEXiuEYwfm2sGQdjG8gDHkK21FB0ODlJIP0D3JdTNZt+BOCy6Cl0AWJFXtZj7bPYntCmEwQ1q3PDcwnQgpQzEjk3Q71CRAeIQGpGVRIE50J5oeOIHHVunBvlT2CQOn6u+JCHGtx9y3nRyZoZ73YvE/rxWa/nknoiIIDRF4tqgfMmgkjNOCPaoINmxsAWFF7V8hHqI4I5tp2obgzZ+8CPViwTsrnN4Ws+XLJI4UOARHIA88UAJlcAOqoAYweATP4BW8OU/Oi/PufMxal5xk5gD8Kef7B5ibofo=</latexit> Ja
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<latexit sha1_base64="7SX7yyysp5i3btaHoSUExV4l8ew=">AAACCHicbVDLSsNAFJ3UV62vqEsXDraCCylJEXVZFER3FewD2hAm00k7dGYSZiZCCV268VfcuFDErZ/gzr9x0mah1QMXDufcy733BDGjSjvOl1VYWFxaXimultbWNza37O2dlooSiUkTRyySnQApwqggTU01I51YEsQDRtrB6DLz2/dEKhqJOz2OicfRQNCQYqSN5Nv7N0ITGSOpKWYEXkmKM+MYVno88eOKb5edqjMF/EvcnJRBjoZvf/b6EU44ERozpFTXdWLtpfmCSamXKBIjPEID0jVUIE6Ul04fmcBDo/RhGElTQsOp+nMiRVypMQ9MJ0d6qOa9TPzP6yY6PPdSKuJEE4Fni8KEQR3BLBXYp5JgzcaGICypuRXiIZIIm3BUyYTgzr/8l7RqVfe0enJbK9cv8jiKYA8cgCPggjNQB9egAZoAgwfwBF7Aq/VoPVtv1vustWDlM7vgF6yPb+NrmT0=</latexit>

Interparticle Friction, µp

<latexit sha1_base64="7SX7yyysp5i3btaHoSUExV4l8ew=">AAACCHicbVDLSsNAFJ3UV62vqEsXDraCCylJEXVZFER3FewD2hAm00k7dGYSZiZCCV268VfcuFDErZ/gzr9x0mah1QMXDufcy733BDGjSjvOl1VYWFxaXimultbWNza37O2dlooSiUkTRyySnQApwqggTU01I51YEsQDRtrB6DLz2/dEKhqJOz2OicfRQNCQYqSN5Nv7N0ITGSOpKWYEXkmKM+MYVno88eOKb5edqjMF/EvcnJRBjoZvf/b6EU44ERozpFTXdWLtpfmCSamXKBIjPEID0jVUIE6Ul04fmcBDo/RhGElTQsOp+nMiRVypMQ9MJ0d6qOa9TPzP6yY6PPdSKuJEE4Fni8KEQR3BLBXYp5JgzcaGICypuRXiIZIIm3BUyYTgzr/8l7RqVfe0enJbK9cv8jiKYA8cgCPggjNQB9egAZoAgwfwBF7Aq/VoPVtv1vustWDlM7vgF6yPb+NrmT0=</latexit>

Interparticle Friction, µp

Chialvo, Sun & Sundaresan PRE (2012)

DEM Simulations

<latexit sha1_base64="7l16SSAS3Sz+UEN7+iCNiLk2MP4=">AAAB+3icdVDLSgMxFM3UV62vsS7dBIvgqsxIUTdC0Y3LCvYB7Thk0kwbmmRCkhHLML/ixoUibv0Rd/6N6UOorwMXDufcyz2cSDKqjed9OIWl5ZXVteJ6aWNza3vH3S23dJIqTJo4YYnqREgTRgVpGmoY6UhFEI8YaUejy4nfviNK00TcmLEkAUcDQWOKkbFS6JZ7ckhDfJv1eBpKeA79PHQrftWbAnq/yJdVAXM0Qve9109wyokwmCGtu74nTZAhZShmJC/1Uk0kwiM0IF1LBeJEB9k0ew4PrdKHcaLsCAOn6uJFhrjWYx7ZTY7MUP/0JuJfXjc18VmQUSFTQwSePYpTBk0CJ0XAPlUEGza2BGFFbVaIh0ghbGxdpcUS/iet46p/Uq1d1yr1i3kdRbAPDsAR8MEpqIMr0ABNgME9eABP4NnJnUfnxXmdrRac+c0e+Abn7RMeupPZ</latexit>

�µp=1
c

<latexit sha1_base64="HfTmfUE8DAARJ5n0thB0IlYYUig=">AAAB+nicdVDLSsNAFL2pr1pfqS7dDBbBVUlE1I1QdOOygn1AG8NkOmmHTiZhZqKU2E9x40IRt36JO//GSVuhvg5c7uGce7mXEyScKe04H1ZhYXFpeaW4Wlpb39jcssvbTRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fw4vcb91SqVgsrvUooV6E+4KFjGBtJN8ud6PUJzdZ3hJ0htyxb1fcqjMBcn6RL6sCM9R9+73bi0kaUaEJx0p1XCfRXoalZoTTcambKppgMsR92jFU4IgqL5u8Pkb7RumhMJamhEYTdX4jw5FSoygwkxHWA/XTy8W/vE6qw1MvYyJJNRVkeihMOdIxynNAPSYp0XxkCCaSmV8RGWCJiTZpleZD+J80D6vucfXo6qhSO5/FUYRd2IMDcOEEanAJdWgAgTt4gCd4tu6tR+vFep2OFqzZzg58g/X2CWMjk3A=</latexit>

µµp=1
c

<latexit sha1_base64="Uqq5igdP7o1itiTnzQ03MyP9bPM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgKiTSVjdC0Y3LCvYBTQyT6aQdnJmEmYlYQn/FjQtF3Poj7vwbpy9Q64ELh3Pu5d57opRRpV33yyqsrK6tbxQ3S1vbO7t79n65rZJMYtLCCUtkN0KKMCpIS1PNSDeVBPGIkU50fzXxOw9EKpqIWz1KScDRQNCYYqSNFNplPx3SEN/lPs/CFF5AdxzaFddxp4CuU6t6tboLvYWyIBUwRzO0P/1+gjNOhMYMKdXz3FQHOZKaYkbGJT9TJEX4Hg1Iz1CBOFFBPr19DI+N0odxIk0JDafqz4kccaVGPDKdHOmh+utNxP+8Xqbj8yCnIs00EXi2KM4Y1AmcBAH7VBKs2cgQhCU1t0I8RBJhbeIqmRCWXl4m7VPHqzvVm2qlcTmPowgOwRE4AR44Aw1wDZqgBTB4BE/gBbxaY+vZerPeZ60Faz5zAH7B+vgGO4+T7Q==</latexit>

�µp=0
c

<latexit sha1_base64="Xubb0dyc7TTPmLrnfe1CCR1OSPw=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgapiRtroRim5cVrAPaMchk6ZtaJIZkoxSxn6KGxeKuPVL3Pk3ZvoAtR643MM595KbE8aMKu26X1ZuZXVtfSO/Wdja3tnds4v7TRUlEpMGjlgk2yFShFFBGppqRtqxJIiHjLTC0VXmt+6JVDQSt3ocE5+jgaB9ipE2UmAXuzwJ8F2atRheQHcS2CXXcaeArlMpe5WqC72FsiAlMEc9sD+7vQgnnAiNGVKq47mx9lMkNcWMTArdRJEY4REakI6hAnGi/HR6+gQeG6UH+5E0JTScqj83UsSVGvPQTHKkh+qvl4n/eZ1E98/9lIo40UTg2UP9hEEdwSwH2KOSYM3GhiAsqbkV4iGSCGuTVsGEsPTlZdI8dbyqU74pl2qX8zjy4BAcgRPggTNQA9egDhoAgwfwBF7Aq/VoPVtv1vtsNGfNdw7AL1gf33/4k4Q=</latexit>

µµp=0
c

<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ
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Why µp affects the Jamming Point? 

What is the minimum number of contacts to reach rigidity? 
Isostaticity — enough contacts to constraint all degrees of 

freedom 

James C. Maxwell 

Hydrodynamics Migration

JammedFrictionAttraction
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Shearing
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Brownian motion

Figure 2
Schematics of dense suspension microphysics. (a) A suspension of rigid particles; (b) repulsive interactions; (c) attractive interactions;
(d) particle–particle friction, showing inhibited sliding (rough particles highlighting surface asperities, green arrows) and inhibited
rolling (faceted particles, red arrows); (e) a jammed state (force chains in orange); ( f ) hydrodynamics, showing lubrication (short arrows)
and drag (long arrows); (g) Brownian motion; (h) shear-induced structure showing particle contact forces (orange lines) under a shear !ow
(streaming velocity shown in blue arrows); (i) particle migration (red arrows) under a shear rate gradient (blue arrows) with a gradient in
the magnitude of particle contact forces (orange lines); and ( j) free surface, showing curvature of the interface on the scale of the particle
size a, leading to capillary forces.

2.2. The Fluid
The !uid, or solvent, is themain factor differentiating suspensions from dry granular media. It me-
diates hydrodynamic interactions (Figure 2f ) and can be a simple liquid (e.g., water), a polymeric
!uid (e.g., "lled thermoplastics), or a complex, multiphase !uid (e.g., the cement paste in fresh
concrete). In general these may have dissolved ions and molecules that in!uence the interactions
described above, via, e.g., a change of pH or dielectric constant. Here, we focus on Newtonian
suspending !uids with constant viscosity ηf (see the sidebar titled Basic Rheological Quantities)
and density ρf. The !uid contributes a dissipative stress scale ηf γ̇ (for shear rate γ̇ ) and ensures

BASIC RHEOLOGICAL QUANTITIES

! Flow !eld:The velocity "eld in the suspension u. A uniform !ow is one in which∇u is spatially invariant. For
instance, a simple shear with rate γ̇ such that ux = γ̇ y is uniform and has velocity gradient (∇u)αβ = γ̇ δαxδβy.

! Strain rate: The tensorial quantity E de"ned as the symmetric part of the velocity gradient: E ≡ (∇u+
∇uT )/2. For a simple shear, Eαβ = γ̇ (δαxδβy + δαyδβx )/2.

! Stress: The tensorial quantity ! describing the force per unit area acting on the suspension. We write a
general shear stress as σ .

! Viscosity: The relation between E and the deviatoric part of !. For a Newtonian !uid at pressure p, the
viscosity η is a (single) scalar parameter, re!ecting the material character: ! = −pI + 2ηE .
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Why µp affects the Jamming Point? 

Frictionless Contacts: Frictional Contacts:

What if the contact can switch depending on flow properties such as stress or shear rate?

Number of 

Constraints 
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More Recently: Non—Newtonian Behaviours

Brownian/colloidal suspensions
Granular suspensions

Repulsive forces (Electrostatics, Polymer brushes…)

Adhesion forces (Van der Waals,…)

Hydrodynamics 

Solid contacts 

Friction

10 µm 100 µm Grain size

d

1 µm



Shear thickening suspensions

50 µm

�

Shear thickening suspensions

50 µm

�
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Shear—Thickening Suspensions: What are they?

Violent increase in suspension viscosity!

e.g. Cornstarch particles in water





credits: The Slow Mo Guys (Youtube).

credits: The BackyardScientists (Youtube).

Shear—Thickening Suspensions: Quite Fun!



Some Applications…
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                        Figure 1: Speed bump                                                      
 

 
                      Figure 2: Speed hump 

     
                  Figure 3: Speed cushion                                                           
 

 
Figure 4: Speed tables 

2.1 PARAMETERS/DESIGN OF SPEED 
BREAKERS: 
 
Speed breakers are described using several geo-
metric layout design parameters. The geometric 
design parameters are length, width, profile, and 
height. Speed breaker spacing and type of material, 
marking and sign location are layout design param-
eter. According to Indian standards, speed breaker 
should have a rounded hump of 3.7-meter width 
and 0.10-meter height for advisory crossing speed 
of 25 kmph. Speed breaker markings should be 
highly visible to warn drivers to lower speeds and 
avoid vehicle damage. A typical warning sign 
should have a definition plate with the words 
'SPEED BREAKER' at 40 m in advance of the first 
speed breaker. Speed breakers should be painted in 

alternate black and white bands. 
 

Smart speedbumps 

Modern concrete

Sports bra

tion among the repeated measurements and Cronbach’s alpha
coefficient are greater than 0.9. This obviously reflects a good
agreement within the repeated measurements.

3. Results and discussions

In this section, first of all, the sound absorption behaviour of the
reference configuration, which is STF-free, will be analysed by

comparing the configurations cellular (i.e. Gyroid) and STF-300–
30 based on the impedance tube measurement. Then, the other
configurations reinforced by STFs with different rheological prop-
erties will be compared with the reference configuration to reveal
the effects of STF on the sound absorption behaviour of designed
acoustic structure.

3.1. Sound absorption behaviour of reference configuration

Fig. 5 shows the comparison of sound absorption coefficient of
configurations Gyroid (i.e. cellular + STF), reference (i.e.
cellular + perforated panel) and STF300! 30 (i.e. cellular + perfora
ted panel). As seen in Fig. 5, the sound absorption coefficient of
Gyroid increases with increasing frequency until reaching a pre-
dominant peak in nearly 3250 Hz. Subsequently, it decreases until
settling a local minimum point at about 5000 Hz and then tends to
increase again. The sound absorption coefficient values at a pre-
dominant peak obtained as approximately 0.64 for Gyroid. Fig. 5
also indicates that the curve of sound absorption coefficient of

Fig. 4. Schematic diagram of impedance tube and measurement setup.

Fig. 3. Structure of the designed acoustic metamaterial and considered configurations.

Table 1
The configuration list considered in the scope of this study.

C1 : Cellular Gyroidwith 40% porosity
C2 : Reference Gyroidþ Perforatedpanel
C3 : STF ! 200! 20 Gyroidþ Perforatedpanelþ STF
C4 : STF ! 300! 20*
C5 : STF ! 300! 25
C6 : STF ! 300! 30
C7 : STF ! 400! 30

*STF!300 ðMolecularweight of PEGÞ!20 ðsilica!nanoparticle=STFweight ratioÞ.

R. Aslan and O. Turan Applied Acoustics 182 (2021) 108257
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Acoustic absorbers
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First Appearance in Scientific Journals

310 DILATANCY AND ITS RELATION TO THIXOTROPY 

ordinary viscous liquid (part (a) of curve z )  ; at a certain rate of shear, 
however, a disproportionately high resistance sets in, and any further 

increase of the shearing stress 
has no effect on the speed 
with which the sphere moves 
through the system (part (b)  
of curve z).* The rate of 
shear, at which the high 
resistance sets in, depends 
on the concentration of the 
suspension (c j .  Fig. z )  ; a t  

2 a smaller concentration of 
solid matter the horizontal 
part (b) moves to a higher 
level. 

, #  This horizontal part of 
, *  I the curve is obviously char- 

acteristic of a d i l a t a n t  
w g f h ~  system. What is actually 

observed in this region is not 
FIG. I. a smooth movement of the 

sphere, but a periodic motion 
of varying speed : if the rate of shear is sufficiently high, a resistance is 
produced in front of the sphere, which brings the sphere nearly to rest ; 
this decrease in 
speed causes the 4 r-6% 
resistance itself to 
diminish, so that the 
sphere moves again 
more rapidly and the 
cycle recommences, 4 
In part (a) of curve 
z (Fig. I )  the motion 
of the sphere is 

Curves of type 2 
pass, as a rule, 
through the origin, 
i.e., no yield value < 
has been observed 
in these markedly 
dilatant masses. If FIG. 2. 
the concentration is 
so small that no dilatancy is observed, the mass behaves like a Newtonian 
liquid (cf. curve for 41-6 per cent. in Fig. 2). 

8 

6 

*’ 

A 0 

447K 
perfectly smooth. 

d r up/ I0 2 4 6 2. .f 

3. 
Dilatancy, therefore, appears to be due to the following mechanism. 

At low rates of shear the particles in front of the sphere have sufficient 
opportunity to slip over each other. At a certain rate of shear, how- 
ever, the shearing process may become so rapid that the particles are 
no longer able to “ make way,” but are piled up in front of the moving 
sphere and create a considerable resistance. Behind the sphere the 
mass will’be stretched, cracks may form which become filled by the 
liquid. The local accumulation of solid particles on the one side, the 

* A curve of this type has already been observed by Williamson and Heckert a 
for a suspension of corn starch in water. 
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Experimental Observations: Volume—imposed Rheology

the types of unstable flow observed there are very similar to
the ones reported here.

We observe the same transition sequence in a Couette ge-
ometry as with parallel plates, although the onset stress for
unsteady flow is lower in a Couette geometry than between
parallel plates, Figs. 4(a)–4(e). We observe the same
sequence of phenomena for other volume fractions above
/m, whereas for samples just below /m, we observe an addi-
tional steady flow regime at high stress, Fig. 4(j). At lower

volume fractions, we do not observe shear rate fluctuations
at any applied stress, Figs. 4(k)–4(o).

IV. THEORY

In this section, we will summarize the steady-flow theory
outlined in [15]. We will then explore what this means for
the stability of the flow of shear thickening suspensions. WC
describe the rheology of dense non-Brownian suspensions
with a jamming volume fraction, /JðpÞ, that depends on p,
the particle pressure, defined via the trace of the particle con-
tribution to the stress. This /JðpÞ evolves smoothly from
/JðpÞ ¼ /0 to /Jð1Þ ¼ /m as the fraction of frictional con-
tacts f goes from 0 to 1

/JðpÞ ¼ /mf ðp=p?Þ þ /0½1& f ðp=p?Þ': (1)

Here, f, which is dimensionless, can depend only on the ratio
of p to the onset stress, as written above. The precise form of
f is inessential, but a stretched exponential

f ¼ exp ½ð&p?=pÞb' (2)

gives good agreement with experiments [9] and simulations.
At the macroscopic level, the particle pressure / is related

to the shear stress r through a stress ratio or macroscopic
friction coefficient lð/Þ (not to be confused with lp as
defined above)

r ¼ lð/Þp; (3)

where l is taken by WC to depend only on /. This involves
a simplification, since in principle the macroscopic friction
coefficient l could certainly also depend on the state of mi-
croscopic friction and hence on f [15,23,25]. We return to
this issue below. This relation between stress and pressure
allows us to write Eq. (1) as function of stress instead of
pressure

/JðrÞ ¼ /mf ðr=r?Þ þ /0½1& f ðr=r?Þ'; (4)

where r? ¼ lð/Þp?.
Finally, the suspension viscosity g ¼ rð _cÞ _c is known to

diverge as the jamming transition is approached [23]. This
divergence is related to the explosion of velocity fluctuations
caused by excessive crowding [26,27] and can be computed
in simple models [28]. In WC, this effect leads to a diver-
gence of viscosity at /J(P) modeled as

g r;/ð Þ ¼ r= _c ¼ gs 1& /
/J r=l /ð Þð Þ

! "&a

(5)

with an exponent estimated as a¼ 2. This leads to S-shaped
flow curves, whose likely role in shear thickening was earlier
identified in [29].

Figure 5(a) shows the reduced suspension viscosity,
gðr;/Þ=gs, predicted by the WC model as a function of

FIG. 3. (a) The frequency of the oscillation as a function of the applied
stress for a sample at /w¼ 0.50 measured between hatched plates. (b)–(d)
Pictures of the deformation of the interface during the intermittent regime d
at /w¼ 0.50 between hatched plates. In the photos, the front of the cone
rotates to the left, the gray bottom plate is stationary, and a deformation of
the interface (highlighted by a red ellipse) moves to the right.
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While the jamming events in region B are sparsely dis-
tributed and seem to occur randomly in time, they become
very regular with a well-defined frequency at r ! 0:2p?, re-
gime C Fig. 2(f). This is visible macroscopically as periodic
jerks of the rheometer top plate. The minimum shear rate
reached during a jamming event is variable, Fig. 2(c), while
the shear rate in the flowing state is approximately the same
and corresponds to the right-hand limit of the horizontal lines
in Fig. 2(f). These oscillations remain over long times and
only change over the course of hours (presumably as the
sample dries out). The frequency of the oscillations increases
linearly with the applied stress, Fig. 3(a). Each sudden
decrease in _c is accompanied by a localized deformation of
the air-sample interface. A small area of the interface compa-
rable to the gap height bulges out slightly, while the sur-
rounding area curves slightly inward. The interface recovers
a smooth profile as the plate accelerates back to the steady-
state value. Note that these localized jams are not an artifact
of the cross-hatched plates; they start to appear at the same
stresses with smoother surfaces, albeit in the presence of sig-
nificant wall slip, as well as in Couette geometries [Fig.
4(b)].

In region D, Fig. 2(f), periodic jamming coexists tempo-
rally with bursts of unpredictable fluctuations, as shown in

Fig. 2(e). During the periodic intervals, the air-sample inter-
face behaves the same as in region C, with short-lived, static
jammed regions appearing at the same time as the drop in
shear rate. During the random bursts, more irregular surface
deformations are observed that are long lived and move
around the interface opposite to the direction of flow [see
Figs. 3(b)–3(d)]. Usually, only one or two transient deforma-
tions appear during each intermittent event and disappear
when the periodic oscillations resume.

At the highest stresses r=p? ! 1, in region E, Fig. 2(f), the
periodic jamming and unjamming are absent, and only
random-looking fluctuations are observed, Fig. 2(e). This
behavior, and the series of events at lower stresses that pre-
cede it, are similar to the development of rheochaos as
observed in micellar systems [2]. We leave it to future work
to establish whether the flow is really chaotic in a technical
sense; for our purposes, what matters is that it is unsteady,
not readily predictable, and without obvious periodic fea-
tures. In region E, the first normal stress difference is perma-
nently large and positive and anticorrelated with the shear
rate. Very recently, unstable flow, sudden jams and a transi-
tion to what appears to be rheochaos have been observed in
2D computer simulations of inertial frictional grains [22].
Although the origin of the sigmoidal flow curves is different,

FIG. 2. (a)–(e) Apparent shear rate as a function of time for increasing stress, on the left y axis. The thin black lines show the normal pressure nf/rxy on the
right y axis. (f) Apparent shear stress as a function of rim shear rate _cR in absolute and reduced units for corn starch at a mass fraction of /w¼ 0.52, corre-
sponding to a volume fraction just above /m in WC theory. Horizontal lines: raw _cR data at different applied rxy in the stable (dark blue), periodic (red), inter-
mittent (green), and chaotic (cyan) regimes. Symbols: average _cR.
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Hysteresis!! 

While the jamming events in region B are sparsely dis-
tributed and seem to occur randomly in time, they become
very regular with a well-defined frequency at r ! 0:2p?, re-
gime C Fig. 2(f). This is visible macroscopically as periodic
jerks of the rheometer top plate. The minimum shear rate
reached during a jamming event is variable, Fig. 2(c), while
the shear rate in the flowing state is approximately the same
and corresponds to the right-hand limit of the horizontal lines
in Fig. 2(f). These oscillations remain over long times and
only change over the course of hours (presumably as the
sample dries out). The frequency of the oscillations increases
linearly with the applied stress, Fig. 3(a). Each sudden
decrease in _c is accompanied by a localized deformation of
the air-sample interface. A small area of the interface compa-
rable to the gap height bulges out slightly, while the sur-
rounding area curves slightly inward. The interface recovers
a smooth profile as the plate accelerates back to the steady-
state value. Note that these localized jams are not an artifact
of the cross-hatched plates; they start to appear at the same
stresses with smoother surfaces, albeit in the presence of sig-
nificant wall slip, as well as in Couette geometries [Fig.
4(b)].

In region D, Fig. 2(f), periodic jamming coexists tempo-
rally with bursts of unpredictable fluctuations, as shown in

Fig. 2(e). During the periodic intervals, the air-sample inter-
face behaves the same as in region C, with short-lived, static
jammed regions appearing at the same time as the drop in
shear rate. During the random bursts, more irregular surface
deformations are observed that are long lived and move
around the interface opposite to the direction of flow [see
Figs. 3(b)–3(d)]. Usually, only one or two transient deforma-
tions appear during each intermittent event and disappear
when the periodic oscillations resume.

At the highest stresses r=p? ! 1, in region E, Fig. 2(f), the
periodic jamming and unjamming are absent, and only
random-looking fluctuations are observed, Fig. 2(e). This
behavior, and the series of events at lower stresses that pre-
cede it, are similar to the development of rheochaos as
observed in micellar systems [2]. We leave it to future work
to establish whether the flow is really chaotic in a technical
sense; for our purposes, what matters is that it is unsteady,
not readily predictable, and without obvious periodic fea-
tures. In region E, the first normal stress difference is perma-
nently large and positive and anticorrelated with the shear
rate. Very recently, unstable flow, sudden jams and a transi-
tion to what appears to be rheochaos have been observed in
2D computer simulations of inertial frictional grains [22].
Although the origin of the sigmoidal flow curves is different,

FIG. 2. (a)–(e) Apparent shear rate as a function of time for increasing stress, on the left y axis. The thin black lines show the normal pressure nf/rxy on the
right y axis. (f) Apparent shear stress as a function of rim shear rate _cR in absolute and reduced units for corn starch at a mass fraction of /w¼ 0.52, corre-
sponding to a volume fraction just above /m in WC theory. Horizontal lines: raw _cR data at different applied rxy in the stable (dark blue), periodic (red), inter-
mittent (green), and chaotic (cyan) regimes. Symbols: average _cR.
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“Activates” a FRICTIONLESS state at low stress!

<latexit sha1_base64="/xHTXfaoU2bHctHIPybQpFfChYE=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSlJEXRYFcVnBPqCJYTKZtENnJmFmIpSQrRt/xY0LRdz6B+78G6dtFtp64MLhnHu5954wZVRpx/m2lpZXVtfWKxvVza3tnV17b7+jkkxi0sYJS2QvRIowKkhbU81IL5UE8ZCRbji6mvjdByIVTcSdHqfE52ggaEwx0kYKbNgKcknSAnqKcujFEuH8eiYVeXTfKAK75tSdKeAicUtSAyVagf3lRQnOOBEaM6RU33VS7edIaooZKapepkiK8AgNSN9QgThRfj79pIDHRolgnEhTQsOp+nsiR1ypMQ9NJ0d6qOa9ifif1890fOHnVKSZJgLPFsUZgzqBk1hgRCXBmo0NQVhScyvEQ2TS0Ca8qgnBnX95kXQadfes7t6e1pqXZRwVcAiOwAlwwTloghvQAm2AwSN4Bq/gzXqyXqx362PWumSVMwfgD6zPH/cjmoQ=</latexit>

Prep ⇠ Frep

d2

Origin of Shear Thickening ?

Key Idea:  A short—range repulsive force between the grains (Seto et al. PRL 2013)



The critical volume fraction φc is a function of the interparticle friction µp !

When the confining pressure increases the system gets closer to the jamming point!

<latexit sha1_base64="JstcZHOrxds6tzEj54ny4+P9pJw=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4Gia1tl0W3bisYB/QDiWTZtrQJDMkGaEM/QU3LhRx6w+582/MtCOo6IELh3Pu5d57gpgzbTzvwymsrW9sbhW3Szu7e/sH5cOjro4SRWiHRDxS/QBrypmkHcMMp/1YUSwCTnvB7Drze/dUaRbJOzOPqS/wRLKQEWwyaYi1GZUrnustAT23iWqX9QtLGrUGQlWIcqsCcrRH5ffhOCKJoNIQjrUeIC82foqVYYTTRWmYaBpjMsMTOrBUYkG1ny5vXcAzq4xhGClb0sCl+n0ixULruQhsp8Bmqn97mfiXN0hM2PRTJuPEUElWi8KEQxPB7HE4ZooSw+eWYKKYvRWSKVaYGBtPyYbw9Sn8n3SrLqq76LZWaV3lcRTBCTgF5wCBBmiBG9AGHUDAFDyAJ/DsCOfReXFeV60FJ585Bj/gvH0CZkaOfQ==</latexit>⇤
<latexit sha1_base64="nzMNT0ImtHpexiSJ3FBfcyFDBNw=">AAAB9HicdVDJSgNBEK1xjXGLevTSGARPw8w4WbwFBfEYwSyQDKGn05M06Vns7gmEkO/w4kERr36MN//GniSCij4oeLxXRVU9P+FMKsv6MFZW19Y3NnNb+e2d3b39wsFhU8apILRBYh6Lto8l5SyiDcUUp+1EUBz6nLb80VXmt8ZUSBZHd2qSUC/Eg4gFjGClJe9aMJIRTqVEvULRMl3Hdc5LyDLLJbfiVDWpupXyhY1s05qjCEvUe4X3bj8maUgjRTiWsmNbifKmWChGOJ3lu6mkCSYjPKAdTSMcUulN50fP0KlW+iiIha5Iobn6fWKKQyknoa87Q6yG8reXiX95nVQFVW/KoiRVNCKLRUHKkYpRlgDqM0GJ4hNNMBFM34rIEAtMlM4pr0P4+hT9T5qOaZdN+9Yp1i6XceTgGE7gDGyoQA1uoA4NIHAPD/AEz8bYeDRejNdF64qxnDmCHzDePgE98ZJs</latexit>

Frictionless
<latexit sha1_base64="ZqQUI4gBw0bUKyRLFwiEzDzKmgU=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiQxfbgrunFZwT6gDWUynbZDJ5MwMxFK6Ee4caGIW7/HnX/j9CGo6IELh3Pu5d57woQzpR3nw8qtrW9sbuW3Czu7e/sHxcOjlopTSWiTxDyWnRArypmgTc00p51EUhyFnLbDyfXcb99TqVgs7vQ0oUGER4INGcHaSO1QYkHGqF8sObbv+d5FGTl2pexXvZohNb9auXSRazsLlGCFRr/43hvEJI2o0IRjpbquk+ggw1Izwums0EsVTTCZ4BHtGipwRFWQLc6doTOjDNAwlqaERgv1+0SGI6WmUWg6I6zH6rc3F//yuqke1oKMiSTVVJDlomHKkY7R/Hc0YJISzaeGYCKZuRWRMZaYaJNQwYTw9Sn6n7Q8263Y7q1Xql+t4sjDCZzCObhQhTrcQAOaQGACD/AEz1ZiPVov1uuyNWetZo7hB6y3T3SUj6k=</latexit>

branch
<latexit sha1_base64="myHUkxhxbaCPlVDR5W5qke/FYaY=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKqfFW9OKxgv2ANpTNdtMu2WzC7kYooT/CiwdFvPp7vPlv3LYRVPTBwOO9GWbmBSlnSjvOh1VaW9/Y3CpvV3Z29/YPqodHXZVkktAOSXgi+wFWlDNBO5ppTvuppDgOOO0F0fXC791TqVgi7vQspX6MJ4KFjGBtpF4gsSBTNKrWHPvSbTheHTm2s4Qhrud5zQZyC6UGBdqj6vtwnJAspkITjpUauE6q/RxLzQin88owUzTFJMITOjBU4JgqP1+eO0dnRhmjMJGmhEZL9ftEjmOlZnFgOmOsp+q3txD/8gaZDj0/ZyLNNBVktSjMONIJWvyOxkxSovnMEEwkM7ciMsUSE20SqpgQvj5F/5Nu3Xabtntbr7WuijjKcAKncA4uXEALbqANHSAQwQM8wbOVWo/Wi/W6ai1Zxcwx/ID19glMMY+N</latexit>

branch

<latexit sha1_base64="+Wcbli/sC4XMK8MWWBRGcDa6zLA=">AAAB8XicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKqfFWFMRjBfuBbSib7aZdutmE3Y1QSv+FFw+KePXfePPfuGkjqOiDgcd7M8zMCxLOlHacD6uwsrq2vlHcLG1t7+zulfcP2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJpeZ37mnUrFY3OppQv0IjwQLGcHaSHdXkpGMYD4oVxz73K05XhU5trOAIa7nefUacnOlAjmag/J7fxiTNKJCE46V6rlOov0ZlpoRTuelfqpogskEj2jPUIEjqvzZ4uI5OjHKEIWxNCU0WqjfJ2Y4UmoaBaYzwnqsfnuZ+JfXS3Xo+TMmklRTQZaLwpQjHaPsfTRkkhLNp4ZgIpm5FZExlphoE1LJhPD1KfqftKu2W7fdm2qlcZHHUYQjOIZTcOEMGnANTWgBAQEP8ATPlrIerRfrddlasPKZQ/gB6+0TBc+RKA==</latexit>

Frictional

<latexit sha1_base64="+Wcbli/sC4XMK8MWWBRGcDa6zLA=">AAAB8XicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKqfFWFMRjBfuBbSib7aZdutmE3Y1QSv+FFw+KePXfePPfuGkjqOiDgcd7M8zMCxLOlHacD6uwsrq2vlHcLG1t7+zulfcP2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJpeZ37mnUrFY3OppQv0IjwQLGcHaSHdXkpGMYD4oVxz73K05XhU5trOAIa7nefUacnOlAjmag/J7fxiTNKJCE46V6rlOov0ZlpoRTuelfqpogskEj2jPUIEjqvzZ4uI5OjHKEIWxNCU0WqjfJ2Y4UmoaBaYzwnqsfnuZ+JfXS3Xo+TMmklRTQZaLwpQjHaPsfTRkkhLNp4ZgIpm5FZExlphoE1LJhPD1KfqftKu2W7fdm2qlcZHHUYQjOIZTcOEMGnANTWgBAQEP8ATPlrIerRfrddlasPKZQ/gB6+0TBc+RKA==</latexit>

Frictional

<latexit sha1_base64="nzMNT0ImtHpexiSJ3FBfcyFDBNw=">AAAB9HicdVDJSgNBEK1xjXGLevTSGARPw8w4WbwFBfEYwSyQDKGn05M06Vns7gmEkO/w4kERr36MN//GniSCij4oeLxXRVU9P+FMKsv6MFZW19Y3NnNb+e2d3b39wsFhU8apILRBYh6Lto8l5SyiDcUUp+1EUBz6nLb80VXmt8ZUSBZHd2qSUC/Eg4gFjGClJe9aMJIRTqVEvULRMl3Hdc5LyDLLJbfiVDWpupXyhY1s05qjCEvUe4X3bj8maUgjRTiWsmNbifKmWChGOJ3lu6mkCSYjPKAdTSMcUulN50fP0KlW+iiIha5Iobn6fWKKQyknoa87Q6yG8reXiX95nVQFVW/KoiRVNCKLRUHKkYpRlgDqM0GJ4hNNMBFM34rIEAtMlM4pr0P4+hT9T5qOaZdN+9Yp1i6XceTgGE7gDGyoQA1uoA4NIHAPD/AEz8bYeDRejNdF64qxnDmCHzDePgE98ZJs</latexit>

Frictionless

Why is this so dramatic?

Introduces a STRESS scale to the problem!



<latexit sha1_base64="+JkMfYOmeHjvbTD9s3ADNo9XxlI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4AmlMl00g6dScLMjVBCf8ONC0Xc+jPu/BunbRbaemDgcM493DsnTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKWLeQoGSd1PNqQol74Tju5nfeeLaiCR+xEnKA0WHsYgEo2gl3x8kmPtDqhSd9qs1t+7OQVaJV5AaFGj2q182zjLFY2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWRpTxU2Qz2+ekjOrDEiUaPtiJHP1dyKnypiJCu2kojgyy95M/M/rZRjdBLmI0wx5zBaLokwSTMisADIQmjOUE0so08LeStiIasrQ1lSxJXjLX14l7Yu6d1X3Hi5rjduijjKcwCmcgwfX0IB7aEILGKTwDK/w5mTOi/PufCxGS06ROYY/cD5/AG7rkfI=</latexit>

�̇

<latexit sha1_base64="WuM49gNxOxGSaxYaVrOsA5tocCo=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKrR6LXjxWsB/QLiWbzrax2WRJskJZ+h+8eFDEq//Hm//GbLuIVh8MPN6bYWZeEHOmjet+OoWV1bX1jeJmaWt7Z3evvH/Q1jJRFFpUcqm6AdHAmYCWYYZDN1ZAooBDJ5hcZ37nAZRmUtyZaQx+REaChYwSY6V2HwwZ6EG54lbdOXBG6rVaDX8rXk4qKEdzUP7oDyVNIhCGcqJ1z3Nj46dEGUY5zEr9RENM6ISMoGepIBFoP51fO8MnVhniUCpbwuC5+nMiJZHW0yiwnRExY73sZeJ/Xi8x4aWfMhEnBgRdLAoTjo3E2et4yBRQw6eWEKqYvRXTMVGEGhtQyYbgLb/8l7TPql696t2eVxpXeRxFdISO0Sny0AVqoBvURC1E0T16RM/oxZHOk/PqvC1aC04+c4h+wXn/ArTjjzk=</latexit>⌘s

<latexit sha1_base64="YOkGpUK2BZts0tl0AGiT4lGQV3w=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8Lbs5qMfgA7wIEc0DkiXMTmaTITOz68ysEJb8hBcPinj1d7z5N06SPWhiQUNR1U13V5hwpo3nfTtLyyura+uFjeLm1vbObmlvv6HjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyc+M0nqjSL5YMZJTQQuC9ZxAg2VmpdXd+ieybcbqnsud4UaJH4OSlDjlq39NXpxSQVVBrCsdZt30tMkGFlGOF0XOykmiaYDHGfti2VWFAdZNN7x+jYKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ntVMTnQcZk0lqqCSzRVHKkYnR5HnUY4oSw0eWYKKYvRWRAVaYGBtR0Ybgz7+8SBoV1z91/btKuXqRx1GAQziCE/DhDKpwAzWoAwEOz/AKb86j8+K8Ox+z1iUnnzmAP3A+fwC4uo8b</latexit>

DEM Sim.
<latexit sha1_base64="/6Z/6X0Y/9TSLcXSrlKfQdnvcjg=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswl0KtQymsREimA9IjrC3N5cs2ds7d/eEEPInbCwUsfXv2Plv3CRXaOKDgcd7M8zMC1LBtXHdb2dtfWNza7uwU9zd2z84LB0dt3SSKYZNlohEdQKqUXCJTcONwE6qkMaBwHYwqs/89hMqzRP5YMYp+jEdSB5xRo2VOu06uUtCFP1S2a24c5BV4uWkDDka/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifze6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejan3CZZgYlWyyKMkFMQmbPk5ArZEaMLaFMcXsrYUOqKDM2oqINwVt+eZW0qhXvsuLdV8u1mzyOApzCGVyAB1dQg1toQBMYCHiGV3hzHp0X5935WLSuOfnMCfyB8/kDR8+PeQ==</latexit>

WC Model

the locus of points for which d _c=d~r ¼ 0 in a flow curve _cð~rÞ
as shown in Fig. 4(a): There are two such points on a curve
for any / > /C, and coalescence of these two points occurs
at a critical point (/C; ~rC).

For / > /JðlÞ, the upper boundary of DST states is the
stress-dependent jamming line /mð~rÞ. The jamming line
separates the DST regime (diamonds) from conditions yield-
ing a shear-jammed state (squares). The shear rates in these
states are vanishingly small, i.e., the suspension no longer
flows. The distinction between two types of DST regimes is
based on differences in the high stress state, which is flow-
able in the pure DST regime (for /C $ / < /JðlÞ) and
jammed for DST-SJ (for /JðlÞ $ / < /0

J ). The minimum
stress required to observe DST and SJ states decreases with
increasing /, and eventually these curves converge and the
minimum stress for jamming tends to zero as the frictionless
jamming point /0

J is approached. Our findings are in qualita-
tive agreement with the recent experimental study on shear
jamming by Peters et al. [4], which shows that a minimum
volume fraction is required to observe SJ states, and that the
shear stress required to shear jam the system decreases with
an increase in volume fraction and vanishes as / approaches
the isotropic jamming point. The general structure of the

flow-state diagram presented here is similar to the one pre-
sented by Peters et al. [4], with the details like the shape of
/mð~rÞ being different in the two cases.

Figure 6(b) displays the flow state diagram in the l % /
plane for a constant stress ~rC, the onset stress for DST for
minimum volume fraction /C; we note that ~rC is roughly
independent of l. Here, we see a demonstration of how the
volume fractions /C; /JðlÞ, and /mð~rCÞ decrease as func-
tions of l. The region enclosed between /C and /JðlÞ broad-
ens at larger l, illustrating that the range of / over which
pure DST is observed broadens with increasing interparticle
friction. For the range of volume fractions /JðlÞ < /
< /mð~rCÞ, the suspension is in the DST-SJ region, and above
/mð~rCÞ, the system is in the shear-jammed state at the
imposed stress.

C. Rate dependent normal stresses

The simulation data along with the model predictions for
the particle pressure P=g0 _c and second normal stress differ-
ence N2=g0 _c are presented in Fig. 7. The proposed model is
in good agreement with the simulations. We observe that
N2=g0 _c is always negative, and is comparable to but smaller

FIG. 4. Steady state flow curves for several values of volume fraction / at l¼ 1. (a) The dimensionless rate _c= _c0 as a function of dimensionless applied stress
~r. CST observed at low volume fraction (/ < 0:56) is associated with monotonic flow curves, DST appears as nonmonotonic flow curves for
0:56 $ / $ 0:58, and for / & 0:59 the system is SJ at high stress. (b) The same data plotted as grð_c= _c0Þ flow curve. (c) Relative viscosity gr as a function of
dimensionless applied stress ~r. The symbols are simulation data with dashed lines provided to guide the eye. The solid lines are predictions from Eq. (9a).

463CONSTITUTIVE MODEL FOR FRICTIONAL SUSPENSIONS

<latexit sha1_base64="WuM49gNxOxGSaxYaVrOsA5tocCo=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKrR6LXjxWsB/QLiWbzrax2WRJskJZ+h+8eFDEq//Hm//GbLuIVh8MPN6bYWZeEHOmjet+OoWV1bX1jeJmaWt7Z3evvH/Q1jJRFFpUcqm6AdHAmYCWYYZDN1ZAooBDJ5hcZ37nAZRmUtyZaQx+REaChYwSY6V2HwwZ6EG54lbdOXBG6rVaDX8rXk4qKEdzUP7oDyVNIhCGcqJ1z3Nj46dEGUY5zEr9RENM6ISMoGepIBFoP51fO8MnVhniUCpbwuC5+nMiJZHW0yiwnRExY73sZeJ/Xi8x4aWfMhEnBgRdLAoTjo3E2et4yBRQw6eWEKqYvRXTMVGEGhtQyYbgLb/8l7TPql696t2eVxpXeRxFdISO0Sny0AVqoBvURC1E0T16RM/oxZHOk/PqvC1aC04+c4h+wXn/ArTjjzk=</latexit>⌘s

<latexit sha1_base64="iOi4if5NkMIV0hgFuxOxEMPZMJw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmltfWNzq7xd2dnd2z+oHh61bZQYxlsskpHpBtRyKTRvoUDJu7HhVAWSd4LJXe53nrixItKPOI25r+hIi1AwirnUR5oMqjW37s5BVolXkBoUaA6qX/1hxBLFNTJJre15box+Sg0KJvms0k8sjymb0BHvZVRTxa2fzm+dkbNMGZIwMllpJHP190RKlbVTFWSdiuLYLnu5+J/XSzC88VOh4wS5ZotFYSIJRiR/nAyF4QzlNCOUGZHdStiYGsowi6eSheAtv7xK2hd176p++XBZa9wWcZThBE7hHDy4hgbcQxNawGAMz/AKb45yXpx352PRWnKKmWP4A+fzByQbjlE=</latexit>⌧(Singh et al JoR 2018)

Frictional Transition Model:
(Wyart & Cates PRL 2014)

<latexit sha1_base64="3CwXAjcMsT9s0QpCdkFXgJuTkO8="></latexit>
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Order Parameter:
<latexit sha1_base64="nzMNT0ImtHpexiSJ3FBfcyFDBNw=">AAAB9HicdVDJSgNBEK1xjXGLevTSGARPw8w4WbwFBfEYwSyQDKGn05M06Vns7gmEkO/w4kERr36MN//GniSCij4oeLxXRVU9P+FMKsv6MFZW19Y3NnNb+e2d3b39wsFhU8apILRBYh6Lto8l5SyiDcUUp+1EUBz6nLb80VXmt8ZUSBZHd2qSUC/Eg4gFjGClJe9aMJIRTqVEvULRMl3Hdc5LyDLLJbfiVDWpupXyhY1s05qjCEvUe4X3bj8maUgjRTiWsmNbifKmWChGOJ3lu6mkCSYjPKAdTSMcUulN50fP0KlW+iiIha5Iobn6fWKKQyknoa87Q6yG8reXiX95nVQFVW/KoiRVNCKLRUHKkYpRlgDqM0GJ4hNNMBFM34rIEAtMlM4pr0P4+hT9T5qOaZdN+9Yp1i6XceTgGE7gDGyoQA1uoA4NIHAPD/AEz8bYeDRejNdF64qxnDmCHzDePgE98ZJs</latexit>

Frictionless

<latexit sha1_base64="+Wcbli/sC4XMK8MWWBRGcDa6zLA=">AAAB8XicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKqfFWFMRjBfuBbSib7aZdutmE3Y1QSv+FFw+KePXfePPfuGkjqOiDgcd7M8zMCxLOlHacD6uwsrq2vlHcLG1t7+zulfcP2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJpeZ37mnUrFY3OppQv0IjwQLGcHaSHdXkpGMYD4oVxz73K05XhU5trOAIa7nefUacnOlAjmag/J7fxiTNKJCE46V6rlOov0ZlpoRTuelfqpogskEj2jPUIEjqvzZ4uI5OjHKEIWxNCU0WqjfJ2Y4UmoaBaYzwnqsfnuZ+JfXS3Xo+TMmklRTQZaLwpQjHaPsfTRkkhLNp4ZgIpm5FZExlphoE1LJhPD1KfqftKu2W7fdm2qlcZHHUYQjOIZTcOEMGnANTWgBAQEP8ATPlrIerRfrddlasPKZQ/gB6+0TBc+RKA==</latexit>

Frictional

<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="J1hsiGYrWmnA5czfjUcw4nTJ7YA=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU01E1GPRi8cK9kPaUDbbSbt0swm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVZ6rJ/Ve5nCZNIrV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTwhJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1ITXfsZlkhqUbL4oTAUxMZl+T/pcITNibAllittbCRtSRZmxGZVsCN7iy8ukeV71Lqve/UWldpPHUYQjOIZT8OAKanAHdWgAgwie4RXeHOW8OO/Ox7y14OQzh/AHzucPlzeQRw==</latexit>

P/Prep

<latexit sha1_base64="ctajA+Ew79AFF9gq5hDForI4aIg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUCPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBzOmM8A==</latexit>

f

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1
Fraction of frictional contacts

<latexit sha1_base64="AuP8Si4wX6B008JjoyOlqWIKCeA="></latexit>
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Frictional Transition Model

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="JLiLcwsqTbpZgSqQYxZ5mn68zR0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVo8j7Zt+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn82un5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+5lQSYpcscWiMJUEYzJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1Lqu1+1qlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c2LnxXl3PhatBSefOYY/cD5/AJeIjyc=</latexit>⌘s

<latexit sha1_base64="TjuhJ09bhpyL5uQaCU7a5meq/jo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgKiS2tW6EohuXFewDmhgm00k7dCYJMxOxhPyKGxeKuPVH3Pk3Th+CWg9cOJxzL/feEySMSmXbn0ZhZXVtfaO4Wdra3tndM/fLHRmnApM2jlksegGShNGItBVVjPQSQRAPGOkG46up370nQtI4ulWThHgcDSMaUoyUlnyz7CYj6uO7zOWpn8ALaOe+WbEtewZoW9V61ak3oPOtfJMKWKDlmx/uIMYpJ5HCDEnZd+xEeRkSimJG8pKbSpIgPEZD0tc0QpxIL5vdnsNjrQxgGAtdkYIz9edEhriUEx7oTo7USP71puJ/Xj9V4bmX0ShJFYnwfFGYMqhiOA0CDqggWLGJJggLqm+FeIQEwkrHVdIhLL28TDqnlnNm1W5qleblIo4iOARH4AQ4oAGa4Bq0QBtg8AAewTN4MXLjyXg13uatBWMxcwB+wXj/Aj/Wk/A=</latexit>

�µp=0
c

<latexit sha1_base64="K+ghw1fLRN6gDP9Zam2F3YGfyh4=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEV2VGirosunFZwT6gMw6ZNNOGJpmYZIQyFPwVNy4Ucet3uPNvTB9CfR24cDjnXu7hxJJRbTzvwyksLC4trxRXS2vrG5tb7vZOU6eZwqSBU5aqdow0YVSQhqGGkbZUBPGYkVY8uBj7rTuiNE3FtRlKEnLUEzShGBkrRe5eIPs0wjd5wLNIwkCQW+iNIrfsV7wJoPeLfFllMEM9ct+DboozToTBDGnd8T1pwhwpQzEjo1KQaSIRHqAe6VgqECc6zCfxR/DQKl2YpMqOMHCizl/kiGs95LHd5Mj09U9vLP7ldTKTnIU5FTIzRODpoyRj0KRw3AXsUkWwYUNLEFbUZoW4jxTCxjZWmi/hf9I8rvgnlepVtVw7n9VRBPvgABwBH5yCGrgEddAAGOTgATyBZ+feeXRenNfpasGZ3eyCb3DePgG9gZVZ</latexit>

�µp 6=0
c

<latexit sha1_base64="JLiLcwsqTbpZgSqQYxZ5mn68zR0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVo8j7Zt+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn82un5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+5lQSYpcscWiMJUEYzJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1Lqu1+1qlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c2LnxXl3PhatBSefOYY/cD5/AJeIjyc=</latexit>⌘s

<latexit sha1_base64="vvYSKYPXktNDsLB9y6zqtUvlru8=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRIRdVl047KCfUATymQ6aYfOTMLMjVBCf8ONC0Xc+jPu/BunbRbaemDgcM493DsnSgU36HnfTmltfWNzq7xd2dnd2z+oHh61TZJpylo0EYnuRsQwwRVrIUfBuqlmREaCdaLx3czvPDFteKIecZKyUJKh4jGnBK0UBIME82BIpCTTfrXm1b053FXiF6QGBZr96peN00wyhVQQY3q+l2KYE42cCjatBJlhKaFjMmQ9SxWRzIT5/Oape2aVgRsn2j6F7lz9nciJNGYiIzspCY7MsjcT//N6GcY3Yc5VmiFTdLEozoSLiTsrwB1wzSiKiSWEam5vdemIaELR1lSxJfjLX14l7Yu6f1W/fLisNW6LOspwAqdwDj5cQwPuoQktoJDCM7zCm5M5L86787EYLTlF5hj+wPn8AW/hkfU=</latexit>

�̇
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<latexit sha1_base64="iOi4if5NkMIV0hgFuxOxEMPZMJw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmltfWNzq7xd2dnd2z+oHh61bZQYxlsskpHpBtRyKTRvoUDJu7HhVAWSd4LJXe53nrixItKPOI25r+hIi1AwirnUR5oMqjW37s5BVolXkBoUaA6qX/1hxBLFNTJJre15box+Sg0KJvms0k8sjymb0BHvZVRTxa2fzm+dkbNMGZIwMllpJHP190RKlbVTFWSdiuLYLnu5+J/XSzC88VOh4wS5ZotFYSIJRiR/nAyF4QzlNCOUGZHdStiYGsowi6eSheAtv7xK2hd176p++XBZa9wWcZThBE7hHDy4hgbcQxNawGAMz/AKb45yXpx352PRWnKKmWP4A+fzByQbjlE=</latexit>⌧

<latexit sha1_base64="iOi4if5NkMIV0hgFuxOxEMPZMJw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmltfWNzq7xd2dnd2z+oHh61bZQYxlsskpHpBtRyKTRvoUDJu7HhVAWSd4LJXe53nrixItKPOI25r+hIi1AwirnUR5oMqjW37s5BVolXkBoUaA6qX/1hxBLFNTJJre15box+Sg0KJvms0k8sjymb0BHvZVRTxa2fzm+dkbNMGZIwMllpJHP190RKlbVTFWSdiuLYLnu5+J/XSzC88VOh4wS5ZotFYSIJRiR/nAyF4QzlNCOUGZHdStiYGsowi6eSheAtv7xK2hd176p++XBZa9wWcZThBE7hHDy4hgbcQxNawGAMz/AKb45yXpx352PRWnKKmWP4A+fzByQbjlE=</latexit>⌧



Frictional Transition Model

<latexit sha1_base64="nzMNT0ImtHpexiSJ3FBfcyFDBNw=">AAAB9HicdVDJSgNBEK1xjXGLevTSGARPw8w4WbwFBfEYwSyQDKGn05M06Vns7gmEkO/w4kERr36MN//GniSCij4oeLxXRVU9P+FMKsv6MFZW19Y3NnNb+e2d3b39wsFhU8apILRBYh6Lto8l5SyiDcUUp+1EUBz6nLb80VXmt8ZUSBZHd2qSUC/Eg4gFjGClJe9aMJIRTqVEvULRMl3Hdc5LyDLLJbfiVDWpupXyhY1s05qjCEvUe4X3bj8maUgjRTiWsmNbifKmWChGOJ3lu6mkCSYjPKAdTSMcUulN50fP0KlW+iiIha5Iobn6fWKKQyknoa87Q6yG8reXiX95nVQFVW/KoiRVNCKLRUHKkYpRlgDqM0GJ4hNNMBFM34rIEAtMlM4pr0P4+hT9T5qOaZdN+9Yp1i6XceTgGE7gDGyoQA1uoA4NIHAPD/AEz8bYeDRejNdF64qxnDmCHzDePgE98ZJs</latexit>

Frictionless

<latexit sha1_base64="+Wcbli/sC4XMK8MWWBRGcDa6zLA=">AAAB8XicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKqfFWFMRjBfuBbSib7aZdutmE3Y1QSv+FFw+KePXfePPfuGkjqOiDgcd7M8zMCxLOlHacD6uwsrq2vlHcLG1t7+zulfcP2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJpeZ37mnUrFY3OppQv0IjwQLGcHaSHdXkpGMYD4oVxz73K05XhU5trOAIa7nefUacnOlAjmag/J7fxiTNKJCE46V6rlOov0ZlpoRTuelfqpogskEj2jPUIEjqvzZ4uI5OjHKEIWxNCU0WqjfJ2Y4UmoaBaYzwnqsfnuZ+JfXS3Xo+TMmklRTQZaLwpQjHaPsfTRkkhLNp4ZgIpm5FZExlphoE1LJhPD1KfqftKu2W7fdm2qlcZHHUYQjOIZTcOEMGnANTWgBAQEP8ATPlrIerRfrddlasPKZQ/gB6+0TBc+RKA==</latexit>

Frictional

<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="NDYzpDPf4NReujBVQrH7hehsVpg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfJWMuw==</latexit>

1

<latexit sha1_base64="ctajA+Ew79AFF9gq5hDForI4aIg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUCPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBzOmM8A==</latexit>

f

<latexit sha1_base64="uHf5LKkycQl8dZl/aegv+b/R0TU=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgadmNMeYY9OIxgnlAsoTZyWwyZnZmmekVQsg/ePGgiFf/x5t/4+QFaixoKKq66e4KE8ENeN6Xk1lb39jcym7ndnb39g/yh0cNo1JNWZ0qoXQrJIYJLlkdOAjWSjQjcShYMxzeTP3mI9OGK3kPo4QFMelLHnFKwEqNDpC063fzBc/1ZsCeWy5dXhQr2F8qS1JAC9S6+c9OT9E0ZhKoIMa0fS+BYEw0cCrYJNdJDUsIHZI+a1sqScxMMJ5dO8FnVunhSGlbEvBM/TkxJrExozi0nTGBgfnrTcX/vHYKUSUYc5mkwCSdL4pSgUHh6eu4xzWjIEaWEKq5vRXTAdGEgg0oZ0NYeXmVNIquX3ZLd6VC9XoRRxadoFN0jnx0haroFtVQHVH0gJ7QC3p1lPPsvDnv89aMs5g5Rr/gfHwDdd6PEg==</latexit>⌧1
<latexit sha1_base64="YGAXO3e36dVaMGsN9kDOapO3/tM=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4CjMhqMegF48RzALJEHo6PUmbnumhu0YIQ/7BiwdFvPo/3vwbO4sQtwcFj/eqqKoXJFIYdN0PJ7eyura+kd8sbG3v7O4V9w+aRqWa8QZTUul2QA2XIuYNFCh5O9GcRoHkrWB0NfVb91wboeJbHCfcj+ggFqFgFK3U7CJNe5VeseSV3RmI+4t8WSVYoN4rvnf7iqURj5FJakzHcxP0M6pRMMknhW5qeELZiA54x9KYRtz42ezaCTmxSp+EStuKkczU5YmMRsaMo8B2RhSH5qc3Ff/yOimGF34m4iRFHrP5ojCVBBWZvk76QnOGcmwJZVrYWwkbUk0Z2oAKyyH8T5qVsndWrt5US7XLRRx5OIJjOAUPzqEG11CHBjC4gwd4gmdHOY/Oi/M6b805i5lD+Abn7RNO7473</latexit>⌧2 Stress

<latexit sha1_base64="nzMNT0ImtHpexiSJ3FBfcyFDBNw=">AAAB9HicdVDJSgNBEK1xjXGLevTSGARPw8w4WbwFBfEYwSyQDKGn05M06Vns7gmEkO/w4kERr36MN//GniSCij4oeLxXRVU9P+FMKsv6MFZW19Y3NnNb+e2d3b39wsFhU8apILRBYh6Lto8l5SyiDcUUp+1EUBz6nLb80VXmt8ZUSBZHd2qSUC/Eg4gFjGClJe9aMJIRTqVEvULRMl3Hdc5LyDLLJbfiVDWpupXyhY1s05qjCEvUe4X3bj8maUgjRTiWsmNbifKmWChGOJ3lu6mkCSYjPKAdTSMcUulN50fP0KlW+iiIha5Iobn6fWKKQyknoa87Q6yG8reXiX95nVQFVW/KoiRVNCKLRUHKkYpRlgDqM0GJ4hNNMBFM34rIEAtMlM4pr0P4+hT9T5qOaZdN+9Yp1i6XceTgGE7gDGyoQA1uoA4NIHAPD/AEz8bYeDRejNdF64qxnDmCHzDePgE98ZJs</latexit>

Frictionless

<latexit sha1_base64="+Wcbli/sC4XMK8MWWBRGcDa6zLA=">AAAB8XicdVBNS8NAEJ3Ur1q/qh69LBbBU0hKqfFWFMRjBfuBbSib7aZdutmE3Y1QSv+FFw+KePXfePPfuGkjqOiDgcd7M8zMCxLOlHacD6uwsrq2vlHcLG1t7+zulfcP2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJpeZ37mnUrFY3OppQv0IjwQLGcHaSHdXkpGMYD4oVxz73K05XhU5trOAIa7nefUacnOlAjmag/J7fxiTNKJCE46V6rlOov0ZlpoRTuelfqpogskEj2jPUIEjqvzZ4uI5OjHKEIWxNCU0WqjfJ2Y4UmoaBaYzwnqsfnuZ+JfXS3Xo+TMmklRTQZaLwpQjHaPsfTRkkhLNp4ZgIpm5FZExlphoE1LJhPD1KfqftKu2W7fdm2qlcZHHUYQjOIZTcOEMGnANTWgBAQEP8ATPlrIerRfrddlasPKZQ/gB6+0TBc+RKA==</latexit>

Frictional

<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>
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Experimental Evidence of the Frictional Transition?

Frictional Transition Model
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Pp >> Prep
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The Capillarytron
Imposed liquid pressure:

Frictional rheology:

Standard rheology:

Vertical force balance:

Radial force balance:
Capillary interface controls Pp

Able to perform both Pp—imposed or         —imposed measurements ! 

Etcheverry, Forterre & Metzger PRX (2022)



A Model Shear-thickening Suspension
Clavaud et al. PNAS (2017)


Perrin et al. PRX (2019)

Perrin et al. PRL (2021)


Etcheverry, Forterre  & Metzger  PRX (2023)

Repulsive pressure:

(~50 Pa in pure water)

Silica spheres

d=25 µm


Water+NaCl
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Frictional transition model:
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Frictionless particles! Frictionless
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Frictionless particles! Frictionless
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Frictionless particles! Frictionless
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Hydrodynamics of Shear—thickening Suspensions

Consequences of this 

velocity—weakening [unstable]

 branch to hydrodynamics?



Shear—thickening Suspensions down inclines:  Oobleck Waves
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Kapitza Waves in Water

Inertial Instability!

Darbois—Texier et al. Comm. Phys. (2020)

Darbois—Texier et al. JFM (2023)
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Pipe flow of Shear—thickening Suspensions

A retrogressive FRICTIONAL SOLITARY WAVE controls the flow rate! 

Bougouin et al. PNAS (2024)

Alexis Bougouin
S2 on Friday

Talk:

plug-like velocity profile. We characterize the flow bifurcation,
identify the frictional and superdissipative nature of the soliton,
and show how it sets the resistance law of the suspension along the
whole pipe. Last, we address the universality of the phenomenol-
ogy for discontinuously shear-thickening suspensions and discuss
the mechanism behind the superdissipation.

Results
Experimental Set-Up. To study the intrinsic pipe flow, without
pumping fluctuations or entrance effects, we use the con-
figuration sketched in Fig. 1A: the gravitational drainage of
a long inclined pipe, initially filled with a shear-thickening
suspension (seeM&M for details on setup, materials or protocol).
This configuration has two crucial advantages. i) It avoids
convergent/divergent flow sections (20), which could localize
stresses and trigger jamming (see experiments and discussion on
convergent inlet in SI Appendix, SI.2). ii) Gravity ensures a steady
and controllable average forcing of the flow. Indeed, since inertial
effects are small (Reynolds number ø 10 with slowly varying
flow), the force balance over the flow length L implies that the
mean shear stress at the wall h⌧wi ⌘ 1

L
R L
0 ⌧wdx = ⇢gR sin ✓/2

is constant for the whole drainage and is simply set by the
suspension density ⇢, gravity g, the inner pipe radius R and
the pipe inclination ✓ (Fig. 1 A, Inset).

Laser

Camera

Cornstarch
suspension

Fluorinert

Scale

A

B

S₄ Pressure sensors
S₃

S₂
S₁

102

100

102100

Fig. 1. (A) Sketch of the gravity-driven setup allowing to control the mean
wall shear stress h⌧w i through pipe inclination, measure global flow rate
and local bulk pressure, and visualize near-wall flow. (Inset) Force balance
on a slice of suspension. (B) Suspension rheology (70): shear stress versus
shear rate for aqueous suspensions of cornstarch grains (optical microscope
image) at various solid volume fractions � obtained with a cylindrical Couette
cell (sketch). Solid lines: fit to Wyart–Cates rheological model ⌧ = ⌘S(�0 �
(�0 � �1)e�⌧⇤/⌧ � �)�2 �̇ setting the viscosity prefactor ⌘S = 0.28 mPa s,
the frictionless and frictional jamming volume fractions �0 = 0.445 and
�1 = 0.385, respectively, and the short-range repulsive stress scale ⌧⇤ = 8Pa
(semitransparent symbols are not used to fit). Red dashed line: critical stress
⌧c(�) at whichWyart–Cates curves become negatively sloped (@ �̇/@⌧ < 0, gray
region).
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Fig. 2. Global resistance law (70). (A) Top: drained mass of suspension vs
time for fixed volume fraction (� = 0.405 > �DST) and increasing pipe
inclination. Bottom: corresponding flow rate Q vs mean wall stress. (B) Q
for various volume fractions. Red dashed line: flow rate saturation onset
criterion h⌧w i = ⌧c(�), for the Wyart–Cates rheological laws fitted in Fig. 1B.
Dashed lines: experimental average highlighting flow rate saturation in the
gray region (where @ �̇/@⌧|⌧=h⌧w i < 0, for a laminar flow). Solid lines: flow rate
expected for a steady laminar flow (see also SI Appendix, SI.3). Symbol shape
indicates experimental observation of the laminar phase only (◯) or laminar
phase + frictional soliton (⇤). R = 5.15mm in (A) and (B).

Most experiments are performed with an aqueous suspension
of cornstarch grains (Fig. 1B image). This widely documented
system is known for its marked discontinuous shear-thickening
rheology, which we characterize at different solid volume frac-
tions � with a Couette cell apparatus (other particles are used
to verify that results are generic of shear-thickening suspensions,
see below and M&M ). Rheograms are fitted with Wyart–Cates
model (27) (solid lines in Fig. 1B) to obtain the low-stress
(frictionless) viscosity ⌘0(�) = ⌘S(�0 � �)�2 and the critical
shear stress ⌧c(�) ⌘ ⌧|@ �̇/@⌧=0 (red dashed line), above which
suspensions with a sufficiently high particle volume fraction
(� > �DST ⇡ 0.37) show a discontinuous shear-thickening
(see caption of Fig. 1 for the definition of ⌘S and �0).

Saturation of the Flow Rate.We investigate, first, the global
resistance law of the pipe, i.e., the evolution of the flow rate
with the forcing, starting with a discontinuously shear-thickening
suspension (� = 0.405 > �DST). The forcing h⌧wi is varied
through the pipe inclination and flow rate is obtained byweighing
the drained suspension at the pipe outlet (Fig. 1A). As shown in
Fig. 2A, the drained mass m increases linearly with time over the
whole range of inclination 0.5� < ✓ < 90� (i.e., 0.27 Pa 
h⌧wi  31 Pa), which indicates the flow rate Q ⌘ ṁ/⇢ does not
vary during drainage. However, Q depends on inclination, with
two strikingly different trends. At low forcing (h⌧wi ø 4 Pa), flow
rate increases quasi-linearly with h⌧wi, as for the laminar flow of a
Newtonian liquid. By contrast, for higher forcings (h⌧wi ¿ 4 Pa),
the flow rate is found to saturate: the same value (Q ⇡ 1.8ml/s)
is obtained over a more than 10-fold increase in the forcing.
Notably, the mean wall stress at the onset of saturation closely
matches the discontinuous shear-thickening onset stress ⌧c(� =
0.405) ⇡ 4.0, as obtained from the rheological characterization
(Fig. 1B).

To confirm and generalize these two global responses of the
flow, we extend experiments to a wide range of particle volume
fraction (0.35  �  0.425) and recover that flow rate saturates
at high forcings (h⌧wi > ⌧c(�)), provided volume fraction is
sufficiently high (� > �DST). The region of flow rate saturation
(highlighted with horizontal lines) coincides with the region
where @ �̇/@⌧|⌧=h⌧wi < 0 (highlighted in gray). This confirms

2 of 9 https://doi.org/10.1073/pnas.2321581121 pnas.org
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Drag Forces in Shear—thickening Suspensions

Corn-starch
suspension

Fluorinert

Mirror

Black silica
tracers

1 cm

h

Rocha et al. JFM (2023)

<latexit sha1_base64="xE+b/pzdeTicnxRo6iUeXKsjd7I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BLx4j5AXJEmYnvcmY2Z11ZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJIJr47rfTm5tfWNzK79d2Nnd2z8oHh41tUwVwwaTQqp2QDUKHmPDcCOwnSikUSCwFYxuZ37rCZXmMq6bcYJ+RAcxDzmjxkrNulSPKfaKJbfszkFWiZeREmSo9Ypf3b5kaYSxYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixNKYRan8yv3ZKzqzSJ6FUtmJD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+xMeJ6nBmC0WhakgRpLZ66TPFTIjxpZQpri9lbAhVZQZG1DBhuAtv7xKmpWyd1m+uK+UqjdZHHk4gVM4Bw+uoAp3UIMGMHiAZ3iFN0c6L86787FozTnZzDH8gfP5A7t4jz0=</latexit> T
or
qu

e

<latexit sha1_base64="552ZQFibOBgfS2g0/II4DPXDoJ0=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4KkkR9Vj14rGC/YA2lM120y7d7IbdTSGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dJOeXdv/+DQPTpuaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYfj+5nfnlClmRRPJktoEOOhYBEj2Fip77q3YphyrFCLckmYyfpuxat6c6BV4hekAgUafferN5AkjakwhGOtu76XmCDHyjDC6bTcSzVNMBnjIe1aKnBMdZDPL5+ic6sMUCSVLWHQXP09keNY6ywObWeMzUgvezPxP6+bmugmyJlIUkMFWSyKUo6MRLMY0IApSgzPLMFEMXsrIiOsMDE2rLINwV9+eZW0alX/qnr5WKvU74o4SnAKZ3ABPlxDHR6gAU0gMIFneIU3J3denHfnY9G65hQzJ/AHzucPcLqTiw==</latexit>

Angular Velocity
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Drag of a shear-thickening suspension on a rotating cylinder
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Figure 5. High-torque unsteady regime. (a) Long-time evolution of the cylinder velocity (rheometer
measurements, Γ = 3.5Γc, h = 35 mm). Solid-line: (3.3) for the acceleration phases. (b,c) Focus on a
deceleration phase resolved with high-speed imaging. Here, t = 0 stands for the onset of deceleration (Ω̇ = 0).
(b) Cylinder velocity normalized by the velocity, Ωc, at the deceleration onset. (c) Deceleration (left-hand
vertical axis) and shear stress at the cylinder surface normalized by the discontinuous shear-thickening stress,
σc (right-hand).

unsteadiness is triggered by the discontinuous shear thickening of the suspension at the
cylinder surface and that the onset condition is approximately σ (R) ! σc, or equivalently,
Γ ! Γc. The instability mechanism, per se, will be clarified in the following sections.

3.3. High-torque unsteady regime
We turn, now, to the periodic oscillations observed for a constant applied torque exceeding
Γc, starting with the slow-acceleration phases of the oscillations.

3.3.1. Slow-acceleration phases
The slow-acceleration phases are visco-inertial transients. They can be described simply
by considering the inertia of the cylinder, the constant applied torque and the frictionless
Newtonian-effective drag of the suspension. Angular momentum theorem applied to the
cylinder implies

IΩ̇ = Γ − 2πhR2σ (R, t), (3.2)

with I = 104 ± 1 µN m s2 the angular moment of inertia of the cylinder plus rotor of
the rheometer, which is characterized using an in-built function of the rheometer (when
the cylinder is in air). During the acceleration the shear stress is below σc everywhere
in the suspension, momentum has time to diffuse across the flow (ρR2/η0 ∼ 10−1s $
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Flow of a Shear—thickening Suspensions around a Cylinder 

3

100

10-1

10-2
50 100 150

100

10-1

50 100 150

100

10-1

50 100 150

0

0.5

1

100

102

10-2 100 102

Newtonian
(            )

Extended-Newtonian
(          )

Jamming Rays (           )

Newtonian

Extended-Newtonian

Jamming Rays

a) b) c) d)

Zoom
in Fig. 3

FIG. 2. Drag law and associated phenomenology. a) Drag law: normalized force applied on the rod F/Fc versus normalized rod
velocity V/�̇D. Typical suspension flow field (color scale: velocity magnitude normalized by the rod velocity) and rod velocity
V versus time under constant applied force in the Newtonian (b), extended-Newtonian (c) and jamming-rays (d) regimes (for
� = 0.60, D = 2.6 mm, h = 20 mm, Rcell = 95 mm), see also movie 2.

jamming ray, which, by relaxing back to a liquid friction-

less state, allows the rod to re-accelerate and start a new

oscillation.

Jamming rays induce a strong interaction between the

rod and the cell-wall. This interaction can be suppressed

by covering the cell-wall with a superhydrophobic coating

[SM.2]. Although the inception and propagation of rays

remain identical to the uncoated case, as the ray reaches

the wall, the superhydrophobic coating allows the sus-

pension to easily detach from the wall, which prevents

large tensile stress to develop along the ray. The rod

velocity then no longer shows large decelerations, but in-

stead marginally fluctuates around the same maximum

velocity as the experiment with uncoated walls.

Jamming rays onset: The results above show that a

rod can be dragged in a layer of shear thickening sus-

pension well above Fc = ⇡Dh⌧c and Vc = �̇cD, while

still maintaining a quasi-Newtonian macroscopic drag-

law. What then sets the critical force F ?
and its cor-

responding critical velocity V ?
at which jamming rays

are formed? In the present 2D configuration, and in the

absence of significant inertia [SM.4], this critical force

per unit of layer thickness F ?/h should dimensionally

scale with ⌧c`, and the critical velocity V ?
vary as �̇c`,

where ` stands for the characteristic lengthscale of the

flow around the cylinder at the jamming ray onset. To

identify this lengthscale, we systematically vary the rod

diameter D, the layer thickness h, the distance of the rod
to the cell center Rtraj, and the cell-size Rcell. Quite un-

expectedly, none of these lengthscales significantly a↵ect

the jamming ray’s onset threshold, neither the critical

force per unit thickness F ?/h nor the critical velocity V ?
,

see Figure 4 and also SM.3 for the dimensionless repre-

sentation of this same data set. The main result emerging

from this parametric study is that the width of the jam-

ming rays, W = 18± 2 mm, is nearly constant whatever

the values of D, h, Rtraj, Rcell investigated, and also in-

dependent of the force applied on the rod [SM.3]. The

FIG. 3. Inception and propagation of a jamming ray a) Suc-
cessive contours of a jamming ray, see movie 3. b) Corre-
sponding evolution of the rod velocity. c) Image of the jam-
ming ray just after the maximum deceleration of the rod, high-
lighting the formation of multiple transverse fractures along
the ray and the nucleation of an air bubble just behind the
rod (for � = 0.60, D = 2.6 mm, h = 20 mm, Rcell = 95 mm).

mechanism selecting the width of jamming rays, which,

given the corrugated aspect of the capillary interface in-

side rays, probably involves a dilatancy mechanism, is

not understood and would require further investigations.

However, using this latter length scale (taking ` = W )

provides a fair estimate of the jamming ray’s onset crit-

ical force and critical velocity, as 2⇡⌧cW = 0.9 Nm
�1

is

of the order of F ?/h ⇡ 2 Nm
�1

, and �̇cW = 0.16 ms
�1

is close to V ? ⇡ 0.3 ms
�1

, see Fig. 4.
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Interparticle Friction, µp

<latexit sha1_base64="Sj1r7jsVQjJovc9h6aHPmQA7WwM=">AAACHnicbVDLSsNAFJ3UV62vqEs3g61QQUpSfG2E0oKIqwr2AU0Ik+mkHTp5MDNRSumXuPFX3LhQRHClf+MkzUKrB4Y595x7udzjRowKaRhfWm5hcWl5Jb9aWFvf2NzSt3faIow5Ji0cspB3XSQIowFpSSoZ6UacIN9lpOOOGonfuSNc0DC4leOI2D4aBNSjGEklOfpJg1OpKgbrMRvBS05xYhzBkuXHDoYXUP3la4vTwVAizsN7aByWHL1oVIwU8C8xM1IEGZqO/mH1Qxz7JJCYISF6phFJe4K42s3ItGDFgkQIj9CA9BQNkE+EPUnPm8IDpfShF3L1AglT9efEBPlCjH1XdfpIDsW8l4j/eb1Yeuf2hAZRLEmAZ4u8mEEZwiQr2KecYMnGiiCc5gTxEHGEpUq0oEIw50/+S9rVinlaOb6pFmv1LI482AP7oAxMcAZq4Ao0QQtg8ACewAt41R61Z+1Ne5+15rRsZhf8gvb5DYaRoNo=</latexit>

Critical Bulk Friction, µc = µ(J ! 0)

<latexit sha1_base64="Sj1r7jsVQjJovc9h6aHPmQA7WwM=">AAACHnicbVDLSsNAFJ3UV62vqEs3g61QQUpSfG2E0oKIqwr2AU0Ik+mkHTp5MDNRSumXuPFX3LhQRHClf+MkzUKrB4Y595x7udzjRowKaRhfWm5hcWl5Jb9aWFvf2NzSt3faIow5Ji0cspB3XSQIowFpSSoZ6UacIN9lpOOOGonfuSNc0DC4leOI2D4aBNSjGEklOfpJg1OpKgbrMRvBS05xYhzBkuXHDoYXUP3la4vTwVAizsN7aByWHL1oVIwU8C8xM1IEGZqO/mH1Qxz7JJCYISF6phFJe4K42s3ItGDFgkQIj9CA9BQNkE+EPUnPm8IDpfShF3L1AglT9efEBPlCjH1XdfpIDsW8l4j/eb1Yeuf2hAZRLEmAZ4u8mEEZwiQr2KecYMnGiiCc5gTxEHGEpUq0oEIw50/+S9rVinlaOb6pFmv1LI482AP7oAxMcAZq4Ao0QQtg8ACewAt41R61Z+1Ne5+15rRsZhf8gvb5DYaRoNo=</latexit> C
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<latexit sha1_base64="HwhOOvbkVgKribbpPdnVt2muXwM=">AAACIHicbZDLSgMxFIYzXmu9VV26CbZC3ZSZItaNUBREuqpgL9CWkknTNjSXIckoZeijuPFV3LhQRHf6NGbaWWjrgcDH/5/Dyfn9gFFtXPfLWVpeWV1bT22kN7e2d3Yze/t1LUOFSQ1LJlXTR5owKkjNUMNIM1AEcZ+Rhj+6iv3GPVGaSnFnxgHpcDQQtE8xMlbqZkoVxDkVA1iXLOQEXiuEYwfm2sGQdjG8gDHkK21FB0ODlJIP0D3JdTNZt+BOCy6Cl0AWJFXtZj7bPYntCmEwQ1q3PDcwnQgpQzEjk3Q71CRAeIQGpGVRIE50J5oeOIHHVunBvlT2CQOn6u+JCHGtx9y3nRyZoZ73YvE/rxWa/nknoiIIDRF4tqgfMmgkjNOCPaoINmxsAWFF7V8hHqI4I5tp2obgzZ+8CPViwTsrnN4Ws+XLJI4UOARHIA88UAJlcAOqoAYweATP4BW8OU/Oi/PufMxal5xk5gD8Kef7B5ibofo=</latexit> Ja
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<latexit sha1_base64="HwhOOvbkVgKribbpPdnVt2muXwM=">AAACIHicbZDLSgMxFIYzXmu9VV26CbZC3ZSZItaNUBREuqpgL9CWkknTNjSXIckoZeijuPFV3LhQRHf6NGbaWWjrgcDH/5/Dyfn9gFFtXPfLWVpeWV1bT22kN7e2d3Yze/t1LUOFSQ1LJlXTR5owKkjNUMNIM1AEcZ+Rhj+6iv3GPVGaSnFnxgHpcDQQtE8xMlbqZkoVxDkVA1iXLOQEXiuEYwfm2sGQdjG8gDHkK21FB0ODlJIP0D3JdTNZt+BOCy6Cl0AWJFXtZj7bPYntCmEwQ1q3PDcwnQgpQzEjk3Q71CRAeIQGpGVRIE50J5oeOIHHVunBvlT2CQOn6u+JCHGtx9y3nRyZoZ73YvE/rxWa/nknoiIIDRF4tqgfMmgkjNOCPaoINmxsAWFF7V8hHqI4I5tp2obgzZ+8CPViwTsrnN4Ws+XLJI4UOARHIA88UAJlcAOqoAYweATP4BW8OU/Oi/PufMxal5xk5gD8Kef7B5ibofo=</latexit>

Jamming Volume Fraction �c = �(J ! 0)

<latexit sha1_base64="7SX7yyysp5i3btaHoSUExV4l8ew=">AAACCHicbVDLSsNAFJ3UV62vqEsXDraCCylJEXVZFER3FewD2hAm00k7dGYSZiZCCV268VfcuFDErZ/gzr9x0mah1QMXDufcy733BDGjSjvOl1VYWFxaXimultbWNza37O2dlooSiUkTRyySnQApwqggTU01I51YEsQDRtrB6DLz2/dEKhqJOz2OicfRQNCQYqSN5Nv7N0ITGSOpKWYEXkmKM+MYVno88eOKb5edqjMF/EvcnJRBjoZvf/b6EU44ERozpFTXdWLtpfmCSamXKBIjPEID0jVUIE6Ul04fmcBDo/RhGElTQsOp+nMiRVypMQ9MJ0d6qOa9TPzP6yY6PPdSKuJEE4Fni8KEQR3BLBXYp5JgzcaGICypuRXiIZIIm3BUyYTgzr/8l7RqVfe0enJbK9cv8jiKYA8cgCPggjNQB9egAZoAgwfwBF7Aq/VoPVtv1vustWDlM7vgF6yPb+NrmT0=</latexit>

Interparticle Friction, µp

<latexit sha1_base64="7l16SSAS3Sz+UEN7+iCNiLk2MP4=">AAAB+3icdVDLSgMxFM3UV62vsS7dBIvgqsxIUTdC0Y3LCvYB7Thk0kwbmmRCkhHLML/ixoUibv0Rd/6N6UOorwMXDufcyz2cSDKqjed9OIWl5ZXVteJ6aWNza3vH3S23dJIqTJo4YYnqREgTRgVpGmoY6UhFEI8YaUejy4nfviNK00TcmLEkAUcDQWOKkbFS6JZ7ckhDfJv1eBpKeA79PHQrftWbAnq/yJdVAXM0Qve9109wyokwmCGtu74nTZAhZShmJC/1Uk0kwiM0IF1LBeJEB9k0ew4PrdKHcaLsCAOn6uJFhrjWYx7ZTY7MUP/0JuJfXjc18VmQUSFTQwSePYpTBk0CJ0XAPlUEGza2BGFFbVaIh0ghbGxdpcUS/iet46p/Uq1d1yr1i3kdRbAPDsAR8MEpqIMr0ABNgME9eABP4NnJnUfnxXmdrRac+c0e+Abn7RMeupPZ</latexit>

�µp=1
c

<latexit sha1_base64="HfTmfUE8DAARJ5n0thB0IlYYUig=">AAAB+nicdVDLSsNAFL2pr1pfqS7dDBbBVUlE1I1QdOOygn1AG8NkOmmHTiZhZqKU2E9x40IRt36JO//GSVuhvg5c7uGce7mXEyScKe04H1ZhYXFpeaW4Wlpb39jcssvbTRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fw4vcb91SqVgsrvUooV6E+4KFjGBtJN8ud6PUJzdZ3hJ0htyxb1fcqjMBcn6RL6sCM9R9+73bi0kaUaEJx0p1XCfRXoalZoTTcambKppgMsR92jFU4IgqL5u8Pkb7RumhMJamhEYTdX4jw5FSoygwkxHWA/XTy8W/vE6qw1MvYyJJNRVkeihMOdIxynNAPSYp0XxkCCaSmV8RGWCJiTZpleZD+J80D6vucfXo6qhSO5/FUYRd2IMDcOEEanAJdWgAgTt4gCd4tu6tR+vFep2OFqzZzg58g/X2CWMjk3A=</latexit>

µµp=1
c

<latexit sha1_base64="Uqq5igdP7o1itiTnzQ03MyP9bPM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgKiTSVjdC0Y3LCvYBTQyT6aQdnJmEmYlYQn/FjQtF3Poj7vwbpy9Q64ELh3Pu5d57opRRpV33yyqsrK6tbxQ3S1vbO7t79n65rZJMYtLCCUtkN0KKMCpIS1PNSDeVBPGIkU50fzXxOw9EKpqIWz1KScDRQNCYYqSNFNplPx3SEN/lPs/CFF5AdxzaFddxp4CuU6t6tboLvYWyIBUwRzO0P/1+gjNOhMYMKdXz3FQHOZKaYkbGJT9TJEX4Hg1Iz1CBOFFBPr19DI+N0odxIk0JDafqz4kccaVGPDKdHOmh+utNxP+8Xqbj8yCnIs00EXi2KM4Y1AmcBAH7VBKs2cgQhCU1t0I8RBJhbeIqmRCWXl4m7VPHqzvVm2qlcTmPowgOwRE4AR44Aw1wDZqgBTB4BE/gBbxaY+vZerPeZ60Faz5zAH7B+vgGO4+T7Q==</latexit>

�µp=0
c

<latexit sha1_base64="Xubb0dyc7TTPmLrnfe1CCR1OSPw=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgapiRtroRim5cVrAPaMchk6ZtaJIZkoxSxn6KGxeKuPVL3Pk3ZvoAtR643MM595KbE8aMKu26X1ZuZXVtfSO/Wdja3tnds4v7TRUlEpMGjlgk2yFShFFBGppqRtqxJIiHjLTC0VXmt+6JVDQSt3ocE5+jgaB9ipE2UmAXuzwJ8F2atRheQHcS2CXXcaeArlMpe5WqC72FsiAlMEc9sD+7vQgnnAiNGVKq47mx9lMkNcWMTArdRJEY4REakI6hAnGi/HR6+gQeG6UH+5E0JTScqj83UsSVGvPQTHKkh+qvl4n/eZ1E98/9lIo40UTg2UP9hEEdwSwH2KOSYM3GhiAsqbkV4iGSCGuTVsGEsPTlZdI8dbyqU74pl2qX8zjy4BAcgRPggTNQA9egDhoAgwfwBF7Aq/VoPVtv1vtsNGfNdw7AL1gf33/4k4Q=</latexit>

µµp=0
c

<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

<latexit sha1_base64="JLiLcwsqTbpZgSqQYxZ5mn68zR0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVo8j7Zt+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn82un5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+5lQSYpcscWiMJUEYzJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1Lqu1+1qlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c2LnxXl3PhatBSefOYY/cD5/AJeIjyc=</latexit>⌘s

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="0G4BY3p9+x9SK/hAwjGq7WyoMVg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL+IpAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9i7LlXqlVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6NvjNc=</latexit>

J

Pressure—imposed

Volume—imposed

If φc changes dynamically 
non-Newtonian 


Behaviours

e.g. Shear thickening

<latexit sha1_base64="JLiLcwsqTbpZgSqQYxZ5mn68zR0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVo8j7Zt+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn82un5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+5lQSYpcscWiMJUEYzJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1Lqu1+1qlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c2LnxXl3PhatBSefOYY/cD5/AJeIjyc=</latexit>⌘s

<latexit sha1_base64="TjuhJ09bhpyL5uQaCU7a5meq/jo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgKiS2tW6EohuXFewDmhgm00k7dCYJMxOxhPyKGxeKuPVH3Pk3Th+CWg9cOJxzL/feEySMSmXbn0ZhZXVtfaO4Wdra3tndM/fLHRmnApM2jlksegGShNGItBVVjPQSQRAPGOkG46up370nQtI4ulWThHgcDSMaUoyUlnyz7CYj6uO7zOWpn8ALaOe+WbEtewZoW9V61ak3oPOtfJMKWKDlmx/uIMYpJ5HCDEnZd+xEeRkSimJG8pKbSpIgPEZD0tc0QpxIL5vdnsNjrQxgGAtdkYIz9edEhriUEx7oTo7USP71puJ/Xj9V4bmX0ShJFYnwfFGYMqhiOA0CDqggWLGJJggLqm+FeIQEwkrHVdIhLL28TDqnlnNm1W5qleblIo4iOARH4AQ4oAGa4Bq0QBtg8AAewTN4MXLjyXg13uatBWMxcwB+wXj/Aj/Wk/A=</latexit>

�µp=0
c

<latexit sha1_base64="K+ghw1fLRN6gDP9Zam2F3YGfyh4=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEV2VGirosunFZwT6gMw6ZNNOGJpmYZIQyFPwVNy4Ucet3uPNvTB9CfR24cDjnXu7hxJJRbTzvwyksLC4trxRXS2vrG5tb7vZOU6eZwqSBU5aqdow0YVSQhqGGkbZUBPGYkVY8uBj7rTuiNE3FtRlKEnLUEzShGBkrRe5eIPs0wjd5wLNIwkCQW+iNIrfsV7wJoPeLfFllMEM9ct+DboozToTBDGnd8T1pwhwpQzEjo1KQaSIRHqAe6VgqECc6zCfxR/DQKl2YpMqOMHCizl/kiGs95LHd5Mj09U9vLP7ldTKTnIU5FTIzRODpoyRj0KRw3AXsUkWwYUNLEFbUZoW4jxTCxjZWmi/hf9I8rvgnlepVtVw7n9VRBPvgABwBH5yCGrgEddAAGOTgATyBZ+feeXRenNfpasGZ3eyCb3DePgG9gZVZ</latexit>

�µp 6=0
c



A couple of Reviews, Books & Nice Lectures  

1. E. Guazzelli & O. Pouliquen, JFM Perspectives (2018) 


2. C. Ness, R. Seto & R. Mari, Annu. Rev. Condens. Matter Phys. (2022)


3. E. Guazzelli, Physical Review Fluids (2024)


4. J. Morris, Annu. Rev. Fluid Mech. (2020)


5. E. Guazzelli & J. Morris, Cambridge Press (2012) 


6. B. Andreotti, Y. Forterre & O. Pouliquen, Cambridge Press (2004)


7. Elisabeth Lemaire — The Hitchhikers’ of Rheology {Youtube}


8. Mike Cates — Trinity College Science Society {Youtube}


9. Wilson Poon — KITP Program: Physics of Dense Suspensions {KITP website}


10. Yoel Forterre — Département de Physique de l'ENS {Youtube}


11. Elisabeth Guazzelli — Australasian Fluid Mechanics Society {Youtube} 
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